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The Concircular Curvature Tensor of Viasman-
Grey Manifold

'Ebtihal Q. Rashad, 2Ali A. Shihab, *Qasim N. Husain

Abstract: This paper deals with calculation of components concircular curvature tensor in some aspects of
Hermitian manifold especially in Viasman-Grey Manifold. The study also shows that this tensor possesses the
classical symmetry properties of the Riemannian curvature. Furthermore, relationships between the components

of the tensor in this manifold of Viasman-Grey manifold have been established.
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l. Introduction

Concircular curvature tensors invariant under concircular transformations , i.e. with conformal
transformationslof space keeping  a harmony of  functions. Conformal transformations of = Riemannian
structures are the important object of differential geometry, in this paper, we investigated the "concirculac
curvature tensor of Viasman-Grey Manifold, i.e. the geometrical properties of one of the Almost Hermitian
manifold structures is denoted by W; @ W,, where W; and W, respectively denoted to the nearly kahler

manifold and locally conformal kahler manifold have been studied .
One of the representative work of differential geometry is an almost Hermititian structure .

In 1975 a great change was made on these studies by The Russian researcher Kirichenko found an
interesting method to study the different classes of almost Hermitian manifold ,this method is depending on the
orinciple fiber bundle of allcomplex frames of manifold Mwith structure group is the unitary group U(n).This space
is called an adjoined G-structure space. The Russian researcher Kirichenko studied the almost Hermitian manifold
by adjoined G-structure space in particular, he defined two tensors which were the structure and virtual tensors [6].
These tensors helped him to find the structure group of almost Hermitian manifold. In 1993, Banaru [4] succed in re-
classifying the sixteen classes of almost Hermitian manifold by using the structure and Virtual tensors, which were

named Kirichenko's tensors [3].
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In 2015 [2]Ali A.Shihab and Rawah Abdul Mohsin Zaben were studied concircular curvature tensor of

nearly Kahler manifold. In this paper we have studied concircular curvature tensor of Vaisman-Grey manifold .

I1. Preliminaries

Let M —"smooth manifold of dimension 2n" , C*(M) is algebra of smooth function on M; X(M) is
the module of smooth vector fields on manifold of M; g= <. , .> is Riemannian metrics, V is
Riemannian connection of the metrics g on M; d is the operator of exterior differentiation. In the
further all manifold, Tensor field, etc. objects are assumed smooth a class C*(M). The concircular curvature

tensor was introduced will be Reminded Yano as a tensor of type (4, 0) on n-dimensional Riemannian manifold.

The concircular curvature tensor was introduced will be Reminded Yano as a tensor of type (4, 0) on n-

dimensional Riemannian manifold .

We concentrate our attention on the concircular curvature tensor of Viasman-Gray manifold, where
Viasman Gray manifold is considered as one of the most important classes of almost Hermitian
manifold which is denoted by W; @ W, and represents a generalization of the W;and W, classes ,the space W is
called nearly Kahler manifold (NK -manifold) andW, is called a locally conformal Kahler manifold (LCK-

manifold).
Definition 2.1[5]
A Viasman -Gray structure is an G-structure{J, g = <., . >} such that:

-1
2(n—-1)

"o EY) = (<X,X >6F(Y)—< X, Y >68F(X)— <JX,Y >6FJX)}" (1)
X

where V is the Riemannian connection of g, F(X,Y) =< JX,Y > is the Kéhler form, & is a coderivative
and X,Y,Z € X(M). An AH-structure (J, g = <., .>) is called a structure of class W;or nearly Kahler(NK -

structure) if it's Ké&hler form is a killing form or equivalently,
Vx(J) =0; X € X(M). )
An AH -structure (J,g=<.,.>) is called a structure of classW,or locally

conformal Kahler structure (LCK -structure) if,

Vy (F)(Y,Z) = ﬁ@ X,Y > 6F(Z)— < X,Z > SF(Y)— < X,JY > §F(JZ) + X,JZ > F(Y)}

A manifold M with Vaisman-Gray structure is called a Viasman-Gray manifold (VG -manifold) .
Example 2.2
The main example of Viasman-Gray manifold is the diagonal Hopf manifold ([OV3]) .

Theorem 2.3 [1]
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The collection of the structure equations of VG -manifold in the adjointG-structure space has the following

forms:
i) do?=0d Aw®+B2 0 Ao, +B¥¢ o, Ao;
i) dw, == Ao, +BS, 0 A0 +0,, 0° Ao;
i) dof 02 Awf, + (2B By, + A3 )oAwg + (B (Bagpn + Adeq JocAa? + (By, “BU + AXY) o Aoy
Theorem 2.4 [3]

In the adjoined G-structure space, the components of Riemannian curvature tensor of VG-manifold aregiven

by the following forms:
i) Rabed = 2(Bab[cd] + %aBbjed);
i)Rabed = 2A%cq;
ii)Rs50q = 2(—B™" Byog + ol 53):;
iV) Rypeq = AM + BB, — B B, J,
where {03, , a,” , 0, , 02} are some functions on adjoined G-structure space such that:
do, + 0,02 = a2y + oy, 0° and do? — aPel = e’ + 0P oy, .
Definition 2.5 [2]
A tensor of type (2,0) which is defined as is r;; = R‘fjk = gM Ry is called a Ricci tensor.
Definition 2.6[3]
In the adjoint G-structure space, the components of Ricci tensor of Viasman- Grey manifold are given as

the following forms:

n
Dy = T(aab + opy + 0, + o)

n—1
2

1
2)ry, =19 =3B B, + A% + (a*ay, — oMoy, ) — Eah Wop + (n—2)a?,

Remark 2.7 [4]

From the Banaru's classification of AH-manifold, the class VG-manifoldsatisfies the following conditions:

gabc — _pgbac ’Bg\b — (1[35?] )
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Theorem 2.8 [6]

Let (M,],g) is AH -manifold T € T,}(M) ,then the tensorT), k = 1,2,..,2" —1 as nonzero. The
component, can have only components of the form {73, a; ...a,,T(‘}:)al .. @, } where q =a; ore; = @

depending on ,whether that there is on a j-th a place in binary representation of number k a zero or unit respectively
F12,..rya=a+n.Thus Tgy @ ..ar =T .. a, ,T&)?xl @,
Definition 2.9 [8]
"Aconcircular curvature tensor on VG-manifold M is a tensor of type (4,0) and satisfied the relation
e 2'C(X,Y,Z, W) = C(X,Y,Z, W), which is defined as the form:

k
nn-1)

CX Y, ZW)=R(X,Y,ZW))- {r(X,W)g(Y,Z) — r(X, Z)g(Y,W)} (3)

Where R is the Riemannian curvature tensor, r is Ricci, g is the Riemannian metric and k-is the scalar
curvature X,Y,Z € X(M). WhereX(M) is the Lie algebra of C*vector fields on M.

Let's consider properties tensor concircular curvature".

Remark 2.10[2]

Thus,concircular curvature tensor satisfies all the properties of algebraic curvature tensor:

XY, ZW)=—-CY,X,ZW);

2) XY, Z,W) = —C(X,Y,Z,W);

XY, ZW)+CYN,ZX, W)+ (Z,X,Y,W) =0;

4) (X,Y,Z,W) = C(Z,W, X, Y):X,Y, Z, W € X(M). (4)

Covarient —tensor concircular curvature C type (3,1) have form

k

C(X,V)Z = RXY)Z ~ =

{<X,Z>Y-<Y,Z>X} (5

Where R-is the Riemannian curvature tensor and k-is the scalar curvature, X,Y,Z € X(M) .
By definition of a spectrum tensor.

C(X,Y)Z=Co(X,Y)Z+Cy (X, Y)Z+C, (X, Y)Z+C3 (X, Y)Z+C4 (X, Y) Z+Cs (X, Y) Z+Cq (X, V) Z+
C,(X,VZ; X,Y,Z € X(M) (6)
It agreestheorem (7)

tensorCy (X, Y)Zas nonzero. The component can have only components of the form

{C8 bea » €3 pea) = {Chea » Cica);

tensor C, (X, ¥)Z- components of the form {C? , -, C? ..} ={C"4.Cou}:
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tensorC, (X, Y)Z- components of the form {C3 ¢4 , Cg Eca} ={C%: ,cgca};
tensorC, (X, Y)Z- components of the form {CS .., C3 ¢4} = {C®peq, Choy

tensorC, (X, Y)Z- components of the form{C§ ; ,,C3 .3} = {C. C®yea}:

tensorCs (X, ¥)Z- components of the form {C¢ ; 4, C& eq } = {Ch.5.C® bea }i

tensor C (X, ¥)Z- components of the form {C¢ 5.4, C2 .4} = {Ciq C

6 bed’ Le bca};

tensorC, (X, Y)Z- components of the form{C +.4,C3 g } = {Cheq, Cpea } -

TensorsCy = Co(X,Y)Z,C; =C,(X,V)Z, ....C; = C,(X,Y)Z.

The basic invariants concircularVG -manifold will be named.

Proposition 2.11

The concircular curvature of VG- manifold satisfies all the properties of the algebraic curvature tensor:-
DCWVE) Xy, Xy, X, Xy) = —CVG)(Xp, Xy, X, Xg)

2)CVG)( Xy, Xp, Xy Xy) = —CVG)( Xy, Xy, X4, X )

CWE)Y( Xy, Xy, X, X)) + CVG)(Xy, Xy, X, Xg) + CVGY(X,, Xy, X, Xg) =0

B CWVE) Xy Xp, X0, X)) = —CVG) Xy, Xor Xo0 X)) Where X; € X(M) ,i = 1,2,3,4

Proof:

We shall prove just (1)

arfc Xd) - g(Xb'Xc)T(Xa'Xd)}

1) C(VG)(Xa'Xb'XC'Xd) = R(Xale'Xc'Xd) - (

= _R(Xa'Xb'Xchd) + {g(XatXc)r(thXd) - g(thXc)T(Xath)} = _C(Xb!Xa'XC!Xd)

_k

nn—-1)
Properties are similarly proved:
2)CVG) Xy, Xp, X, Xy) = —C(VG)Y(Xy, Xy, X4, X,)
) C(WVG) Xy, Xp, X X)) + COVE) Xy, X X X)) + C(VGY(X,, Xy, Xy, X)) = 0
D CWGE) Xy, Xy, X, X)) = —CVGYX,, Xg, Xg, Xp)

X, €eX(M),i=1234
(1),(2),(3) and (4) is called an algebra curvature tensor of VG-manifolds.
Definition 2.12:

VG - manifold for whichC;=0 isVG- manifold of classC;,i=0, 1, ..., 7.
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Theorem2.13:
1) VG- manifold of class C,(VG)characterized by identity
CVO)X,Y)Z - C(VG)(X,JY)]Z — C(VG)(JX, V)]Z — C(VG)(X,JY)Z — JC(VG)(X,Y)]Z
—JC(VE)X,JV)Z — JC(VE(UX,Y)Z + JC(VG)(JX,JY)]Z =0 , X,Y,Z € (XM). (7)
2) VG- manifold of classC; (VG)characterized by identity
CVOHXYV)Z+CVO)XJ)]Z-CVEO)JX,V)]Z+CVG)JX,JY)Z +]CVG)(X,Y)]Z
—JCVGYX,JY)Z - JC(VG)(JX,Y)Z -JC(VG)(JX,JY)]Z=0 X Y,Z€ (XM) (8)
3) VG- manifold of classC, (VG)characterized by identity
CVG)X,Y)Z — CVG)X,JV)]Z + C(VG)JX, V)]Z + C(VG)(JX,JY)Z — JC(VG)(X,Y)]Z
—JC(VG)(X,JY)Z + JC(VE)(UX,Y)Z — JC(VG)(X,JY)]Z =0, X,Y,Z € (XM)(9)
4) VG- manifold of classC; (VG)characterized by identity
CVOHXYVZ+CVOXJNZ+CVE)JX,V)]Z-CWVG)(JX,JY)Z-]JCVG)X,Y)]Z
+ICWVE)(X,JY)Z + JC(VE)(JX,Y)Z + JC(VG)(X,]Y)]Z =0 , X,Y,Z € (XM) (10)
5) VG- manifold of classC, (VG )characterized by identity
CVOHYXVZ+CVOXINZ+CVOJX,V)]Z-CWVG)(JX,JV)Z+]CVG)X,Y)]Z
—JC(VG)(X,JY)Z —JC(VG)(JX,Y)Z —JC(VG)(UX,JY)]Z =0  ,X,Y,Z€e (XM) (11)
6) VG- manifold of classCs (VG )characterized by identity
CWVEX,Y)Z - CVG)X,JV)]Z + CVG)UX,Y)]Z + C(VG)JX,JY)Z + JC(VG)(X,Y)]Z
+ICVG)(X,JY)Z — JC(VG)(JX, Y)Z + JCVG)(X,JY)]Z =0, X,Y,Z € (XM) (12)
7 VG- manifold of classCs (VG )characterized by identity
CWEX,Y)Z +CVGE)X,JY)]Z — CVG)UX,Y)]Z + CVG)(UX,JY)Z + JC(VG)(X,Y)]Z
—JC(VG)(X,JY)Z + JC(VG)(JX,Y)Z + JC(VG)(JX,JY)]Z =0, X,Y,Z € (XM) (13)
8) VG - manifold of classC, (VG)characterized by identity
CVEYX,V)Z-CWVEX,JV)]Z-CcWVG)(JX,Y)]Z-CWVG)JX,J)Z +]CVG)X,Y)]Z
+ICWVE)(X,JV)Z + JC(VE(UX,Y)Z — JCVG)(JX,JY)]Z =0 ,X,Y,Z € (XM) (14)
Proof:

1) LetVG- manifold of classC, (V&) ,the manifold of classC,(V G )characterized by a condition
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Co(VG)Eq =0,0r C(VG)pq =0

ie [C(VG)(eee,)es] ea

Asa- a projector on, thatD) 1o o {C(VG)(a Xy, 0Y,)aZ;} = 0;
ie(id-vV=1I{CVe)X —V=1JX,Y —=V=1JY)(Z-V-1JZ)}=0.

Removing the brackets can be received: i.e.
CVOXYVZ-CVG)XJN)JZ-CcWVG)(JX,V)]Z-CWVG)(JX,JY)Z-]JCVG)X,Y)]Z —]C(VG)(X,]Y)Z
—JC(VE)JX,V)Z +JC(VG)(UX,JV)]Z —N=1{C(VC)(X,Y)]Z + C(VG)(X,JY)Z + C(VG)(JX,Y)Z —
CVEUX,JV)JZ} ={CcVE)X,Y)Z - JC(VGE)(X,JY)]Z - JC(VG)UX,Y)]Z]C — (VG)(UX,JY)Z} =0

ie

DCVEOHXY)Z-CVOX,JN]Z-CVG)JX,Y)]Z-CVG)(JX,JY)Z - JC(VG)X,Y)]Z

—JCVG)X,JY)Z —JC(VG)JX,Y)Z] + JC(VG)(JX,]Y)]Z = 0(15)

2)C(VE)X,Y)]Z + CVG)(X,JY)Z + C(VG)(JX,Y)Z — C(VG)(UX,JY)]Z + JC(VG)(X,Y)Z
—JCVE)X,JY)]Z = JC(VG)UX,Y)]Z —JC(VG)(X,]Y)]Z = 0(16)

These equalities (15) and (16) are equivalent. The second equality turns out from the first replacement

Zon J Z. Thus VG - manifold of classC,(VG)characterized by identity .
CVOX,Y)Z-CVO)XJN)]Z-Cc(VO)JX,V)]Z-CVEJX,J)Z+]CVG)X,Y)]Z

—JC(VG)(X,JY)Z — JC(VG)(JX,Y)Z + JC(VG)(X,JY)]Z =0 , X,Y,Z € (XM)(17)

Similarly considering VG- manifold of classes C; (VG)-C,(VG) can be received the 2,3,4,5,6,7 and 8.

Theorem 2.14:

We have the following inclusion relations

i) C,(VG) = —C,(VG)

i)Co(V6) = Cs(V6) = Cs(V6) = Cs(VE)

proof:

A coordinated to theorem (7) and proposition (10) we shall prove

1) prove inclusion ¢, (V&) = —C,(VG)

Let (M, J, g) - VG-AHmanifold of a class £,(/% ) ,i.e. take place equality ', ,=C5 -, =0.

According to proposition (10) we have:
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Chu + Coy3+C5;,. =0ie 5, =0. This the VG-manifold of a class is €, (V&) = —C,(VG )VG-
manifold .
Putting (Folding) equality (8) and (9) gives identity describing VG- manifold of class
C(6) = —C,(V6)
2)we shall prove Cs(V&') = Cg(V6 ) and similary prove the other.
For example we prove equality Let (M, J, g) be VG-manifold of class ¢5(V7) ,ie %, 5.
Then according to proposition (10) we havec’s - ,=0, i.e. The VG- manifold is manifold of class (/¢ ),
let M - VG- manifold of classCs(#Z ), then (% ., s0, according to proposition (10) and €5 . 5 =0.
Thus, classes Cs(V6 ) and Cq(V& H)of VG - D000 O00O00000000.
C(X,Y)Z+C(IX,IY)Z+IC(X,Y)IZ-IC(IX,IY)IZ=0; X,Y,Z€ [1(11)(18)
The equality (7), (10), (12), (13) gives the identity describing VG- manifold of classes
Co(Ve) = (Ve )= Cs(V6) = Co(VE)
C(X,Y)Z+IC(IX,IY)IZ =0; X,Y.Ze X(M). (19)
Theorem 2.15:

The components of the concircular tensor of the 7% -manifold in the adjoined &-structure space are given

as the following forms:
1) Cgbfd = Z(Ezzb [cd ] + ”[gﬁb]m’) :

2)C.,, =2Ak.

3) (.

4 /3 V] b
e =208 By + alf S — {rigatl-ricaith

n(n-1) [e

k Z
8) Con a =A% + BBy —b’”h:b’hf‘F”(ﬂ_l){r{fJb} }

And the other components its conjugate to the above or equal zero.

And the others conjugate to the above components or equal to zero.

Proof:

By using definition (8) we compute the components of concircular tensor as follows :
1) Puti =a,7 =06,k =c,1 =4

Ve

Covca =R 4y —m{fwybc — 7o G }

Cad = & aa
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Cad = 2(Bab[cd] + 0L[aBb]cd)
2) Puti =a,f =b,k=c,1 =4d

Ve
Cowd =5, —m{fadybc — 7709}

Coma = Rizma
Coawa =2A5

3) Puti =a,j =2, 4 =cand/ =d

V4
Coted =8 ,5, —m{f‘m’ﬂh — 7 a 954}

Cabea =0—%{fmyh—fwyw}
If c& & then
Casear ZO_L{rﬂL’gZ[_rﬂ[gZ[}
n(n—1)
Catar =0
4) Puti =a,/ =6,#=7c,and/ =4
Ve

CabEd=/l’g/,;d—m{fad£ﬁ—fa?£M}

Ifcc & & then

&
Capca=0- m{(o)(o) - (00}

5) Put i/ =a,f =4, 4 =candl =2

Vs
Cac 7 = Rax a—m{faaﬂzx — 7w Gsa}

If ceo & then
Vs
Caw 7=0 —m{(o)(o) - (@)}
Cﬂbf 3=0
6) Puti =a,/ =2.,4#=c¢c,1 =d

Vg
Cotbed =85, — m{f?zdgzc — 709 34}
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A
Caver = Rabor — m{fadyzc —7%c9 54}

Ve
b b v
Caver = 2-BBrg +ofi84]) — ———<{r{4070| ~ 7L 41}

(2 -1) :
7) Put/ =a,f =56,k =cand/ =4
Vg
Cova = A)abgd_”(”—_l){r?za’yb? — 7729 }

Ifdc < Zthen

Ve
Casea=0— 72(”—_1){(0)(0) — (0)(0}

8) Puti{ =a,;f =b,4=c and I =4

Vs
Cow 7 =R, 5 —m{maybf — 70957}

n

V4
Cow 7= R4 5 —m{(o)(o) —7cdsa}

Comwa=1Fr;

V4
a2t =1 _1){faf£m}

7(

Coww 72 =A% +B“"By —b’”h:b’hg‘F”

r
[a od]
m{f‘[c%]}

By using the properties of concircular tensor we obtained :
Copw 7=Cop70 8 follows

Copac=Chu 7

_ ad Ve ad
Cavac™Aw 5,0«

Therefore,

Ve ac

Cavea=Aa =5, 0n

In above theorem | calculated components concircular tensor curvature on space of the adjoint

&-structure for /& -manifold.

for V& -manifold only four concircular curvature tensor donts equal zeroCy, €1, Cy and 5.
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I11. The main resuits of this paper are stated below:

1)Computing the components of Concircular curvature tensor of Viasman-Graymanifold (VG-manifold) ,

only four components concircular curvature tensor donts equal zero and others four components equal zero .

2) Roved that cocircular curvature tensor possesses the classical symmrtry properties of the Rimmanian

curvature .
3) Find equations for these components class ¢, where i =0,1,2,3,4,5,6,7 .

4) Find a relation between classes o, £y, €5, 5, C5 and € With each other .
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