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Application of New Integral Transform for
Ordinary  Differential ~ Equation  with
Unknown Initial Conditions

Athraa Neamah ALbukhttar, Fatimah Abdulmohdi, Hayder Neamah Kadhim

Abstract--- The Shehu transform fundamental properties were showed by Shehu. In this paper, we extended
application of Shehu transform to solve ordinary differential where initial conditions known or unknown and

formulas of general solutions of some ordinary differential equations are achieved
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I.  INTRODUCTION

Ordinary differential equations are absolutely fundamental to modern science and engineering, many problems
of physics interesting are described by differential and integral equations with appropriate initial or boundary
conditions, these problems are usually formulated as initial value problem or boundary value problem that seem to
be mathematically more vigorous and physical realistic in applied and engineering sciences [6]. Many researchers
have faced advanced problems in engineering and science using the method of integral transformations, so several
new transforms appeared that addressed some of the problems like Laplace, Elzaki, AlTememi, Novel etc
[1,2,3,5,12]. Recently a new transform is called Shehu transform [9]. This transform was used to solve many types
of ordinary and partial differential equations [4,10,13]. Moreover, it applies to solve fractional in differential
equation by Sania Qureshi, Prem Kumar in [11]. After that, they found anthers applications of the Shehu
transformation for the problems of growth and decay. These problems are great importance in the grounds of
economics, chemistry, physics, biology, social sciences and zoology [7,8]. In our research, we extended on ideas of
shehu transform and investigated for solving linear equations whether their initial conditions are known or unknown.
The Shehu transformation was shown to be the article dual of the Laplace transform, therefore, we adopted this

relationship to find shehu transform for some function. while the Laplace transform is defined by,
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F(s) =L{f(9)} = [ e™ f(D)d(2)

The Shehu transform of the function @(t) of exponential order is defined over the set of functions,

l),zftE[ 1)fx [D,o-::]},

{fp[t] 3N,y 1, >0,|e(t)] Nexp(ln
sle(8)] = w(6,9) = [ exp (=) p(e)dt M

= lim f exp( )fp[tjdt §d>09>0,

G+ oa

It converges if the limit of the integral exists.

In the second section, we reviewed some important definitions and evidences that we need in the following of
research. In the third section, we deduced the formula of general solutions for linear ordinary equations, when the
conditions exist and represent arbitrary constants. Moreover, we conclude the formula of general solution for linear
equation of order n without subjected to initial conditions. In the last section, we applied formula that obtained in

section three for solving some equations.

Basic definitions and fundamental properties
The inverse Shehu transform is defined by

s w8, 9] =e(t), fortzo0
which is rewarded

e(t) =s7'[y(5,9)] =

s [0 exp(3) w8, 9)ds @

g—ica #
the Shehu transform variables are Y and d , and the real constant is %, the integral in equation (2) is taken

d=a d=x+1iy

along in the complex plane

property 1: Let the functions e¢2(t) and Sc(t) be in set A, then [a:qu[t] + ﬁW(t])Eﬂ, e, 5 = 0 arbitrary
constants,

Slag(t) + Bw(t)] = aSle(t)] + BS[w(t)] (3)

Proof: By definition of Shehu transform.

slag(t) + Bw(B)] = [;” exp(S7) (a0(®) + Pw(t))dt
= [ exp (=) (ae()dt + [ exp (=F) ( Bu(t))dt
=a [ exp (=) o(®)dt + B [ exp (=) w(®)dt

= ad [ " exp(=6t) @( Ot)dt + B0 [" exp(—6¢) w(He)dt
= as[e(9)] + pS[w(D)]
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Property 2: Change of scale property of shehu transformation, let ¢?(f5t) be the function in set A B is an arbitrary

constant, then

_ (e
sle(B] =3v(3.9) @
Proof: By definition of Shehu transform, we get
sle(B0)] = ;7 exp (=) 0(Be)dt
suppose Iy = 5t  thent = % and dt = % , equation(4) yields:
L= ap (20
sle(p0) =5 1" exp (55) o(w)en
Dm exp (%) o(t)dt
~ exp (_?“) @ (0t)

o,

T | T | T e

o

=
o
'Eﬁl'-}a

o]

o —

Lemma (1) : Derivative gf Shehu transform
If @(t), @' (), ..., Y (t) are continuous functions for t>0 and of exponential order as t — 00,
also @™ (t) is continuous functions , it follows that :

) 5n 7 n—{r+1) o
sl @ 1=5Fev@0)-Z=1(5) 7 ®
Ifn=1,2and 3, we get:
s[e’'(t) 1=% w(6,9) — 0(0) ©)
sle" (0] = = (8, 9) — Z0(0) — ¢'(0) )
sle™ (9] = Z(8,8) - Zw(0) - $'(0) - 9" (0) ®

Proof: We let equation (5) is true for n=r, we get
i _ B (r (r
sle™ ()] == sle™ (1] -0 (0)

=3 [i—:t%[au(t)] —Z {%)r_mi} o ('JJ] —¢"(0)

= (&) sle@] -2 (2) 0¥(0),

By induction, the last equation implies that equation (5) holds for n=r+1 and the proof is complete.
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Table: the following table showed list of Shehu transform special function such as:

5.No (1) Sle(t)]
1 1 g
9
2 T &2
92
3 expa(t) v}
Jd—gp
4 sin(eat) ald?
8% 4 a??
5 cos(at) )
8% + a8
6 t expa(t) 9°
(6 — at)?
7 exp(ft) sin(at) 9°
a (6 — B0)* + a?d®
8 exp(at) 9°
B—a (6 — ad) (6 — BO)

The formulas of General solutions of linear differential equations

Formula 1:

The Linear differential equation of order one has the form

d ()
dt

+ko(t) = f(t); o(t) = ay,

9)

where K is constant and f(t) is integrable function, we take Shehu transform to both sides

%,1{,(5, #) — 1 (0) + kw(8,9) = S[f(1)]

Then, we get the desired result

P(8,9) = [W]

The inverse transform given:

_ -1 _ -1 ':E[f':t:l]+:rﬂ:|f.‘"
o) = s 1p(s,0) = s [FLEm]

which represent the general solution of equation (9)
Formula 2:

Consider linear equation of order two

ﬁ':lp':r:l
de?

+ B8, a2 ‘|‘J‘9:‘P(fj =f(t),

dt
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with initial condition @(0) = a, , @' (0) = @, where 8, .[5> are constants, f(t) is an integrable function .

After take Shehu transform to both sides, we get:

06,9 —50(0) - ' (0)] + B[S 9(6,9) — ()] + B0(8,8) = SIF ()]

Ww(8,9) [%] =Za, + i, + @y + S[F(1)]

By taking the inverse Shehu transform of (48, 3) we obtained the general solution of (11), such as:

@(t) =87 y(8,8) =57+ [“'-ﬁ“f;:ji;; f;_::;[f':mﬂ:] (12)

which represent the general solution of equation (11)

Formula3:

The linear equation of order three has the form

Lo+ g, L2 B, 201 po(n) = £(0), (13
dt dt dt

with initial condition @(0) = @, , @' (0) = @, ,@" (0) = a3 where B, .- and 5 are constants , f(t) is an

integrable function ,by similar way in the formula 2, we get:

Sv6.9) S 00)-20'(0) - 0" (0)]+ B [Sv(8.9) - Sw(0) - ¢'(0)] +
B: [20(68.9) — 0(0)] + Bw(6.9) = SIF(D],

o(f) = &1 [n._aa=+(«=+ g._:a._iii; ia,.gtij;:gi} ?}ahs[_r Er}]ﬁ“] , (19)
where @(t) represent the general solution of equation (1.13).

Formula 4:

In the general, consider the n-th order linear equation,

B ™ (6) + By TV (8) + By T (D) + . HBisa () = F(B), (15)

with initial condition W(0) = @, , ¥'(0) = @, ,..., " (0) = a,,, where B , By, ... , Bysy , are
constants , f(t) is an integrable function.

We take Shehu transform to both sides:

S[B,3"™ ()]+ S B,V (01+ S [Bap P ()] + ... +8[Brsa ()] = S[f(D)]
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By using lemmal and property 1, we get:

Bl (6,8) — S 0(0) — 5= 0/ (0)+....+0%7 (0)] + B[S (6,9) — S 0(0) -
@ (044D ()] + ..+

ﬂl{ﬂ-

Jﬁk+lg[w(5r 9)] = 8[f(t)]
After substitution initial conditions and simple calculation, we have:

- Ff" rca

_, |sren-ig.a, gk_—_+','3‘ @y +Baay ) +(B, rr3+,'3’=rr_.+,'3’3tr o+t (Buai+Baay g+ +Baay)
p(t) =871 e
E—§K+'E=§K—_+'Eﬂ-§r{ 3" +'E

where @(t) represent the general solution of equation (15).

Formula5s:

The differential equation for n-th order is:

ﬁi‘i’l‘k} (t) + 1‘92 %E’I‘k_l}[f) + 1‘93‘#"‘?{_:} (t)+ ---+18k1n£’(t) = f(tj: (16)

with unknown condition ,where £y, 8...8x+1 , are constant and f(t) is integrable function after take Shehu
transform to both sides ,we have:

S[B ™ ()]+ S B P (D)1+ S [Bayp ™2 ()] + - +8[Bes1¥ ()] = S[f(1)]

By using lemmal and property 1, we get:

m[(j—iwa, 8) — S 0(0) — 2 ' (0) ... 40 ()] + B2 S (8, 8) — Sz (0) -

5= @' (0) 4.+ (0)]+ ... +B,4, S[W(8,9)] = S[f(D)]
P(6,0) =
s[Fie)l-18, w'ﬁ}—;{_—_ﬂ(i} @' (048, wc-}}——+f£? @' (0)+8 ¢ (0)+8; el D}};ﬁ+ (B0 M (04 B0 Y 0418,
13 FR—L k-3

'E'—ﬁnf-hg-ﬁn{—_-hga-ﬁn{ g™ +'Elf

Now, we can put the above equation as
Hid8
1:'&('5! ﬂj = 13 FR—1 ° —:Ia . (17)
':IE'_?+IE_,ﬁ,{_-_+Ea§‘ﬁ""+gk+;}z{5-’§}

By taking inverse of Shehu transform for both sides of equation (17):

@(t) =51 - a(68) | s
'E lf 'E-ﬁr{—_-l'lgagh:'— +|E|{+ :'z'ﬁf“":'
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where Z(4&, 1) is polynomial of Shehu transform for the & and represents denominator of Shehu transform for the
function f(t] H(&8,7) is also polynomial of & ,which has degree of smaller than the degree of product

-KB

-||{—'
of ,[?l +,G ﬁ,{_._-l-ﬁa s+ TBis1) with Z(6,9). 1t is not necessary to know the terms of

H(&,1) but just denoted it by this symbol . Equation (18) is a general solution of the equation (16) can be written
of the form

@(t) =A H () + A, Hy (t) + -, A H, (t) sk <n | 19)

where H, (t), Hy (t), ..., H, (t) are functions of t and A; ,A, ... A4, are constants. We note that the number
of constants in equation (19) is greater than the order of equation (1.16) therefore, to eliminate the extra constants,
we substitute the general solution in equation (16).

Applications

In this section, some applications are given to demonstrate the effectiveness for solving linear ordinary differential
equations.

Example 1:
Consider the first order differential equation:

dwr} +10¢(t) =e* , @(0)=a, (20)

Using equation (10), we obtain:

o(t) =s* l—{ﬁ Tt }ﬁl

&+108
After simplification by using partial fractions with taking inverse of Shehu transform
L 3 —10¢ _ -1
e(t) = e tde , where A o T (21)
Example 2:
Consider the second order differential equation:
> lp r}

+9¢(t) = sin 2t , @(0)=a,,¢'(0) = a, (22)

Using equations (1.12), we obtain

a, 6 ta, 8 Sta, i 8- +4a, & +¢v“5]

b §
o(t) =8 [ (82+48%)(82+987)

By partial fractions, we obtain

d8 o, 95 1 @, 88 B
: i + = ]

_ 1|1
o(t) = 8 [ 98° 5 &%+98°  FRio80

5 7444 &
The general solution obtained by using inveres of Shehu transform,

e(t) = —caszt + a,cos3t — —casEt + a,sin3t (23)
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Example 3:
Solve the equation:

d*gle) 4 diele) 5 dple) _ 0
dt® dt® dt

, e0) = &y w0 (0) = & "' (0) = @z (24)

By similar way in previous examples, we get:

_ -1 :r._¢?65+{:r5+4:r._}¢?55+u::ra+4:r=+5:r=}#"']
o(t) =8 [ E(E+58)(6—48) '

—e e i ta e —tayt ot 2]
P(8) =57 [T (e @) F+ Gt gas —3a) gy + 5 (5t @) 35
-1 1 1 1 g, 1
@(t) =— (a3 —ay) + Ca, + ;a; —caz)e ™" +-(5a, +aj)e’
o(t) =§A+5e‘5f+§c7ef; (25)
1 1 1
A=az—ay, B=ca;+_-a3;—_a; ,C=5a, ta,
Which represent the general solution of original equation.
Example 4:
Consider differential equation of order three
d*ele)  d el  delr)
- —o(t) =e", (26)

dt® dt® dt

without subjected to any initial conditions. By using equations (17)

I H(8.4) ]
p(t) =8 [(53+§5=—a‘=6—ﬁ3}3':5ﬁ3' '

After simplification by using partial frictions, we have:

B c D
(&—&)° + S+ Eé+ﬁ}=]

=g i
‘P(t) =8 [5_§+
@(t) = Ae* 4+ Bte* + Ce™ 4+ De™ "t 27)

which represent the general solution of original equation and A,B,C,D are constants, whereas equation (27) contains
four constants, but the equation (26) of order three .Therefore, we substitute the general solution in equation (26) and

1
obtain the value of B = P equation (27) become

@(t) = Ae® +§ter+ Ce ™ +De™"t
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