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Ordinary Differential Equations with Unknown
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Abstract--- In this paper, we apply the Novel transform to obtain the formulas of general solutions of ordinary
differential equations with unknown initial conditions through utilizing the relationship between Novel and Laplace

transforms.
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I. INTRODUCTION
Integral transformations are an abbreviated method for solving many types of equations that are difficult to

solve by classical methods [6]. There are quite a few integral transforms applicable for solving differential equations
like Laplace, Sumudu, Elzaki, Temimi, Melina, etc...[3,9,10,13]. Laplace transform was widely used in solving
several types of differential equations such as ordinary, partial, integral, fractional, and other equations [5,8].
Sumudu transform is similar to Laplace transform [7]. Elzaki transform is a modified form of Sumudu and Laplace

transform [4]. Recently, a new integral transform called the Novel transform’s

where some definitions and properties of Novel transform are given in [11]. The Novel transform of the function
h(t) is defined as:

(s) = Ny(h()) == ;" e h(t) dt, 10, (1)

—st
where h(t), t >0, is a real function, eT is the kernel function and N, is the operator of NIT.

Authors in [12], used Novel transform to solve the differential equation arising in the heat- transfer problem.
Novel transform is successfully used on different types of differential equations [1,2,11]. In this research, we apply
the Novel transform to obtain a formula of general solutions of linear differential equations, whether known or
unknown initial conditions. In section 2, we reviewed the properties of transforms and the important theorems for
some functions through the relationship between Laplace and Novel transformations. In section 3, we achieved
formulas of the general solution of differential equations of first, second, and higher-order. In section 4, we
presented a formula of general solutions of the ordinary differential equation of order (n) without subjected to initial
conditions. Finally, in the last section, we applied general formulas obtained in the previous section for solving some

differential equations.
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Il. BAsSIC DEFINITIONS AND PROPERTIES OF NOVEL TRANSFORM
Definition

The Laplace's transform is defined by: F(s) = L;(h(t)) = J, e~* h(t)dt; t > 0, (2)

where h(t), t > 0, is a real function, e 5" is the kernel function, and L, is the operator of Laplace transform. The

Laplace and Novel transforms exhibit a duality relationship that expressed as :
1
Q(s) = ;F(s). 3
In detail, some functions are showed as follows:

+xFor h(t) = 1 and t > 0, we have :
F(s) = L(D) =+,
the Novel transform of h(t) =1 is derived by the duality relationship

(s) =3F(s) =:L() =1 () =5 (@

N N

*For h(t) = e" and t > 0, we have: F(s) = L(e™") = —

s—r’
the Novel transform of h(t) = e is derived by the duality relationship

_r
s(s-r)

0(s) = F(s) = L(e™) = .55 )

*For h(t) = t and t > O,we have :
F(s) = L(t) =,
the Novel transform of A(t) = t can be written as:
1 1 1
(s) = <F(s) =1 L(t) =5 (6)

*For h(t) =sinrt,t>0

F(s) = L(sinrt) = —

s247r2’

the Novel transform of h(t) =sin rt can be written as :

Q@s) = iF(s) = iL(Sinrt) =—— (7)

s(s2+r2y
*For h(t) = cosrt,t >0

N
52472’

F(s) = L(cosrt) =

the Novel transform of h(t) =cos rt can be written as :

1
s247r2’

Q(s) = fF(s) = %L(cos rt) = 8)
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The following theorem represent Novel transform for derivative functions and the reader can return for proof to

[11].
Theorem
If h(t), A(D), ...., A" 1(t) are continuous for
(t>0) and of exponential order as t — oo, also h™ (t) is continuous,
L{h(t) } = F(s), it follows that
L{A® ()} = s"F(s) = £i23 s"274 h®(0). (9)

I11.FORMULAS OF THE GENERAL SOLUTION FOR THE DIFFERENTIAL EQUATION
a- Consider the first-order ordinary differential equation

a,y+ay=f(t);t>0,(10)
with the initial condition y(0)= p,
where a,, a, and 8 are constants and f (t) is an integrable function.
Applying Novel transform of the equation (10), we have:
a;, N;(¥) + a;N;(y) = Ni (f (D)
a;sN;(y) =2 y(0) + a;N, () = N, (f (D))

+SN(f(t)
N, (y) = EatSNT) 11y

ars(s+g2)
the inverse Novel transform leads to the solution.
b - The second-order linear ordinary differential equation has the general form
a,y +a,y +azy = f(t),t > 0.(12)

With the initial conditions y(0)= B, and y(0) = B,,
where,a;, a,, az, B, and B, are constants and f (t) is an integrable function.
Applying Novel transform of the equation (12), we have:

aiN;(¥) + a;N;(9) + asN; (y) = Ny (f ()

a,s2N;(y) — a,y(0) — %Y(O) + a,sN;(y) — as_z)’(o) + azN,(y) = N (f (1))

a* N () = arfy = By + apsNi () = 2By + asN; () = Ni(f (1))

N,(y) = Sa1ﬁ1+azﬁ1+a1ﬁz+5N1(f(t))_ (13)

s(a,s2 +azs+az,

Taking the inverse of the Novel transform of equation (13), we get the solution of equation (12).
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c- The third-order linear ordinary differential equation has the general form.
@Y + @y + azy + ayy = f(0), 10 (14)
with the initial conditions y(0) = £;,7(0) = B, and y(0) = S5,
where,a,, a,, as, a4, By, B, and B5 are constants and f (t ) is an integrable function.
Applying Novel transform of the equation (14), we have:

z
7

a, N; (Y) + azNI(f’) + azN,(y) + a,N,(y) = N;(f(2))

;53N () = a357(0) = a19(0) — 2 (0) + ap5°N;(¥) — azy(0) — 2 9(0) + azsN;(y) — 2 y(0) + asN,(v) =
N (f ()

3

a153N1(37) — a8y — a1 fr — %.33 + azszNI(y) —ayf — %.32 + azsN;(y) — aj 1 +asN;(y) = N (f(£)

_ a1p15*+s[a1 Bz +azB1+Ni(f (V)] +a1 Bz +azBa+asfy
N (y) = slais3+azs?+azs+ay)  (19)

the inverse Novel transform leads to the general solution of equation (14).
Similarly, general formula can be found to solve differential equations of order (n) by Novel transformation.
agy™ 4+ a;y™ Y + a,y™D + ..+ a,y = £(t),t>0 (16)
with the initial conditions
y(0) = B,y(0) = Bz,...,y""2(0) = Bp_y and y=D(0) = By,
where,a,, a4, ay, ..., ay, f1, B2, --- -, and B, are constants and f (t) is an integrable function,
by taking Novel transform for both sides, we get :

aONI(y(n)) + a1N1()’(n—1)) +a,N,(y ™) + - + a, N, (y) = N, (f(£)) t>0

@ [s"Ni () = 772y (0) = 573 §(0) — - = Ty TD(O)] + @, [s"TIN, () — 573y (0) — = Ty@D(0)] +
vt ay N, (¥) = Ni(F (D)),
Substituting initial condition, yields:
agS™"N;(y) — agBys™ % — a B — o — as—oﬁn +a;s"IN(y) —a Bys™3 — e — %ﬁn_l + -+ a,N,(y) =
N (f ()
[ags™ + a;s™ 1 + -+ a, IN; () = Ni(F(2)) + apfis™ 2 + (apf, + a1 B1)s™ 3

aoPntaiPn-1

+(aofs + a,;)s™* +..

N

let k(s) is polynomial of degree (n-1) conditions all the terms of initial conditions in the right side, then :

[aos™ + a;s™ 1 + -+ ayIN;(¥) = Ny (f () +k(2)
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[ags™+a s 1+ +ay

NI (y) — NI(f(t))"'k(t) ]’ (17)

the inverse Novel transform leads to the general solution of equation (16).

IV.TO SOLVE ORDINARY DIFFERENTIAL EQUATIONS OF ORDER (N) WITHOUT USING ANY
INITIAL CONDITIONS, USING NOVEL’S TRANSFORMATION

We will apply the Novel transformation to obtain solutions of the ordinary differential equations with constant

coefficients and formed by the general as follows:
aoy™ + a;y™ Y + a,y™ D + ..o+ a,y = f(t),t>0 (18)
y(0),5(0),...,y™2(0) and y ™~V (0),are unknown conditions,
where,a,, a4, a,, ..., and a,, are constants, f (t) is an integrable function.
we apply the Novel transform to both sides, we get:

aoN;(y™) + @, N; (YD) + a;N;(y®2) + - + a, N, (v) = Ny (f (D) t>0

8o [s"N, () = 5772y (0) = 573 H(0) — -+ = Ty V)] + @y [N, () — s73y(0) — - — Ty@D(0)| +
et anN; (y) = N (f (1)),
where y(0),7(0),...,y™ 2 (0) and y™=(0),are unknown conditions.
[ags™ + ags™ + -+ + ags™] N;(y) = N, (f (£)) + apgy(0)s™ 2 + (agy(0) + a;y(0))s™ 3

+(aoy(0) + ayy(0))s"* + L2y V@ +a; y"2(0)

N

let z(s) is polynomial of degree (n-1), which represent N, (f (t)) and terms initial conditions in the right sides.

N, (y) = 20 (19)

slags™+ass™ 1+ +ay]H(s)

Where H(s) is a polynomial of s, and it is represented a denominator of Novel transform for the function f(t).
H(s) is also a polynomial of s which has a degree less than the degree of the product (s[ays™ + a;s™ ! + -+ a,])
with H(s) and is not necessary to know the terms of z(s), but we denoted it only by this symbol. The second step of
supplementary solution, taking inverse Novel to transform to both sides of equation (19).

z(s)
slags™ + a;s™ 1t + -+ a, |H(s)

y(®) = N[ |

(&) = A1, (t) + Az (8) + A3z () + - + Appi (t) 5 n < k. (20)

Now, we note that general solution of equation (18), has number of constants (k) greater than the order of

equation (18). Therefore, we eliminate extra constants by substituting equation (20) in equation (18).

V. APPLICATION
In this section, the validation and use fullness of Novel transform are showed by obtaining the general solution
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of the following equations:
Example (1)
Consider the first order differential equation
y+2y=tt>0(21)
with the initial condition y (0)= B, B is unknown constant,
by using formula (11), we have:

B+s(3)

N[(}/) = s(s+2) '

using partial fractions

gl 11
= 4 2 _ 4
N() = s(s+2) + s s?’

take inverse Novel transform on both sides, we get:

1

yO = (p+3)e +3e-3
Example(2)
Consider the second-order differential equation
y+2y+5y=etsint; t > 0(22)
with the initial conditions y (o) = B;and y(0) = f3,,
such that 8, and 8, are unknown constants.
By applying formula (13), we have:

Sﬁ1+2ﬁ1+l32+5(m)
N(y) = s(s2+2s+5)

_ 1 B1 2B1+B>
N(y) = SI(S+1)2+1][(s+1)2+4] + [(s+1)2+4] ' s[(s+1)2+4]'

By using partial fractions, we have:

1

1
_ 3 _ 3 B1 2B1+B2
NG = S[(S+1)2+1]]  s[(s+1)2+4]  [(s+1)2+4] + s[(s+1)2+4]'

taking the inverse of the Novel transformation of to both sides,
y(®) = %e_t sint + fye~" cos 2t + (131 + %Bz - %) e tsin2t
y() = %e—t sint + e fcos2t + Be Fsin2t ;B =B + %/32 _ %,

which represent a general solution of original equation, where 8 and B, are constants.
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Example (3)
Consider the third-order differential equation
Y =37 +3y—y=t2et;t>0,(23)
with the initial conditions y(0) = B,, y(0) = B, and y(0) = fs,
where B;, B2, and 5 are unknown constants.

By formula (15), we have:

ﬁ152+5(32—3314’#)‘*33—332—331
s(s3-3s52+3s-1) !

Ni(y) =
after simple calculation, we get:

_ B15%+(B2—3B1)s+(B3—3B2—3B1) 2
N = s(s—-1)3 s(s=1)®

Using partial fractions, we have :

N,(y) = B1 + B2—B1 +["3—2["2—531 + 2

s(s—1)  s(s—-1)2 s(s—1)3 s(s—1)8’

Take inverse Novel transform on both sides, yields :
V() = Bret + (B, — Bu)tet +5(Bs — 2, — 5By)t?e’ + —t5et

y(t) = Biet + pitet + %B;tzef + %tsef; Bi = B, — B1, B3 = B3 — 2B, — 5B;, which represent a general
solution of original equation, where 87 and g5 are constants.
Example (4)

To solve the equation:

y® 4+ yB® =2sint; t > 0,(24)
with the initial conditions y(0) = By, 7(0) = £,,$(0) = Bs, and 7(0) = B,
where B4, B,, B3, and B, are unknown constants.

Apply formula (17) where n=4, we have:

——F—+B157+(B2+B1)s+ (B +[32)+B45;B3

s(s?
Ni(y) = el

st+s3 !

and by simple calculation, we get:

_ 2 s3B1+(B1+B2)s%+(B3+B2)s+P3+Pa
Ny (_'V) T s4(s2+1)(s+1) + s*(s+1)

Using partial fractions, we have:

N, (y) = s+l (1+84) (ﬁ1+ﬁ4)+(ﬁz—ﬁ4—2))+(l?3+ﬂ4+2)

s(s2+1)  s(s+1) s2 s3 s4 !

take inverse Novel transform on both sides, we get:

DOI: 10.37200/1JPR/V2415/PR2020142
Received: 08 Mar 2020 | Revised: 26 Mar 2020 | Accepted: 04 Apr 2020 4270



International Journal of Psychosocial Rehabilitation, Vol. 24, Issue 05, 2020
ISSN: 1475-7192

(&) = cost +sint — (1+B)e™ + (By + ) + (By — B — Dt + 2 (B3 + Bu + 2)t?
y(t) = cost +sint —ae™ + a; — ayt + %a3t2 ;

a=1+p4,a=p +Pspa,=pF—Pfs—2andaz =f5+ f, +2,

which represent a general solution of original equation, where a, @,, @, and a5 are constants.

Example(5)

Solve the equation

y — 3y + 2y = 4e3t (25)

Without subjected to initial conditions, taking Novel transform to both sides and apply the formula (19), where

n=2, we have:

N, (y) = S{L

s2-3s5+2]H(s)’

where z(s) and H(s) are polynomial of s,

After simplification, and using partial fractions, we get:

B c

N,(y) = 44 + : such that A,B and C are constants,

s(s=3)  s(s—=2) s(s-1)

take inverse Novel to transform on both sides, we get:

y(t) = Ae3t + Be? + Ce' (26)

The above equation has three arbitrary constants, but the general solution of equation (25) must contain only two

constants. To eliminate the extra constants, we derivative the solution (26) and substitute in equation (25), we find

the value of A=2, therefore, the general solution of (25) is:

y(t) = 2e3t + Be?' + Cet
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