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Abstract--- A radio quotient square sum labeling is a one to one mapping p from V (G) to N satisfying the 

condition d (u, v) + ⌈ [𝒑𝒑(𝒖𝒖)]𝟐𝟐 +[𝒑𝒑(𝒗𝒗)]𝟐𝟐

(𝒑𝒑(𝒖𝒖)+ 𝒑𝒑(𝒗𝒗))
⌉ ≥ 1 + dia (G) for all u, v ∈ V (G). The radio quotient square sum number of G, 

rqssn(G), is the maximum number assigned to any vertex of G. The radio quotient square sum number of G, rqssn 

(G) is the minimum value of rqssn ( p ) taken over all radio quotient square sum labeling p of G. In this paper we 

find the radio quotient square sum number of graphs with diameter three, gear graph, S(𝑲𝑲𝒎𝒎,𝒏𝒏 ) and (𝑾𝑾𝒎𝒎ʘ 𝑲𝑲𝟐𝟐����). 

Keywords--- Radio Quotient Square Sum Labeling, Radio Quotient Square Sum Number, Gear Praph. 
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I. INTRODUCTION 
Throughout this paper we consider finite, simple, undirected and connected graphs. Let V (G) and E (G) 

respectively denote the vertex set and edge set of G. In 2001, Chartrand et al. [1] defined the concept of radio 

labeling of P. Radio labeling of graphs is inspired by restrictions inherent in assigning channel frequencies for radio 

transmitters. In [3] Selvarajan and Swapna Raveendran, introduced the notion of Quotient Square Sum Cordial 

Labeling and studied Quotient Square Sum Cordial Labeling of some standard graphs.. Ponraj et al. [2] introduced 

the notion of radio mean labeling of graphs and investigated radio mean number of some graphs. Now, we define 

radio Quotient square sum labeling. The symbol ⌈x⌉ stands for smallest integer greater than or equal to x.  

Definition 1.1.[3] 

Let G = (V, E) be a simple graph and p : V → {1, 2, ... | V |} be a bijection,  

For each edge uv assigned the label 1 if ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ is odd and 0 if it is even. f is called quotient square sum 

cordial labeling if | 𝑒𝑒𝑝𝑝 (0) − 𝑒𝑒𝑝𝑝 (1)| ≤ 1,where 𝑒𝑒𝑝𝑝 (0) and 𝑒𝑒𝑝𝑝 (1) denote the number of edges labeled with 0 and labeled 

with 1 respectively. A graph which admits a quotient square sum cordial labeling is called quotient square sum 

cordial graph. 

Definition 1.2 [1] 

A Radio labeling of the graph G is a function p from the vertex set V (G) to Z+ such that |p(u) − p(v)| + dG(u, 

v) ≥ diam (G)+1 where diam (G) and d(u, v) are diameter and distance between u and v in graph G respectively. 

The radio number rn(G) of G is the smallest number k such that G has radio labeling with max { p(v) : v ∈ V (G)} = 

k.  
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Definition 1.3 

 A radio quotient square sum labeling is a one to one mapping p from V (G) to N satisfying the condition d (u, v) 

+ ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 1 + dia (G) for every u, v ∈ V (G). The span of a labeling p is the maximum integer that p maps 

to a vertex of G. The radio quotient square sum number of G, rqssn (G) is the lowest span taken over all radio 

quotient square sum labeling of the graph G. 

Theorem 2.1 

The radio quotient square sum number of the gear graph is (2𝑚𝑚 + 1). 

Proof 

Let 𝑊𝑊𝑚𝑚  =𝐶𝐶𝑚𝑚  + 𝐾𝐾1 where 𝐶𝐶𝑚𝑚  is the cycle and V (𝐾𝐾1) = {v}. 

Let V (𝐺𝐺𝑚𝑚 ) = V (𝑊𝑊𝑚𝑚  ) ∪ {𝑢𝑢𝑖𝑖; 1 ≤  𝑖𝑖 ≤  𝑚𝑚}. Also dia (𝐺𝐺3) =3, now we have to prove that, 

d (u, v) + ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 4 ------------------ (2.3)  

Label the central vertex v with 1 and label the vertices of degree two on the rim by 2,3and 4, the remaining 

vertices of degree 3 by 5,6 𝑎𝑎𝑎𝑎𝑎𝑎 7. 

⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 2 for every pair of vertices u and v, 𝑢𝑢 ≠ 𝑣𝑣. 

Thus we obtain the inequality d (u, v) + ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 4 

Now dia (𝐺𝐺𝑚𝑚 ) = 4 for 𝑚𝑚 ≥ 4, we have to prove that, 

d (u, v) + ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 5 ------------------ (2.3a)  

 Label central vertex 𝑣𝑣 with (2𝑚𝑚 + 1), label the vertices of degree two on the rim by (𝑚𝑚 + 1), (𝑚𝑚 + 2), (𝑚𝑚 +

3), …  2𝑚𝑚 and label any three vertices of degree 3 and distance between them is 4 on the rim by 1,2 and 3. Label the 

remaining vertices by 4,5,…m. 

If either p(u) ≥ 4 or p(v) ≥ 4, then ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 4 and hence (2.3a) trivially holds.  

Let 1 ≤ p (u), p(v) ≤ 3, distance between them is 4. Hence (2.3a) holds.  

Theorem 2.2 

The radio quotient square sum number of the subdivision of complete bipartite graph is (𝑚𝑚 + 𝑎𝑎 + 𝑚𝑚𝑎𝑎). 

Proof  

 Complete bipartite graph 𝐾𝐾𝑚𝑚 ,𝑎𝑎  contains (𝑚𝑚 + 𝑎𝑎) vertices , (mn) edges and  

𝐸𝐸(𝐾𝐾𝑚𝑚 ,𝑎𝑎 )={ 𝑢𝑢𝑖𝑖  𝑣𝑣𝑗𝑗 ; 1 ≤ 𝑖𝑖 ≤ 𝑚𝑚 ,1 ≤ 𝑗𝑗 ≤  𝑎𝑎} . Subdivision of complete bipartite graph is denoted by S(𝐾𝐾𝑚𝑚 ,𝑎𝑎  ) and 

contains (𝑚𝑚 + 𝑎𝑎 + 𝑚𝑚𝑎𝑎) vertices and 2(mn) edges. Let the subdivided vertices of S((𝐾𝐾𝑚𝑚 ,𝑎𝑎  ) be {𝑤𝑤𝑖𝑖  ;1 ≤ 𝑖𝑖 ≤ 𝑚𝑚𝑎𝑎} . 

dia(S (𝐾𝐾𝑚𝑚 ,𝑎𝑎 ))= �2, 𝑖𝑖𝑖𝑖 𝑚𝑚 = 𝑎𝑎 = 1
4, 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑤𝑤𝑖𝑖𝑒𝑒𝑒𝑒

�  
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For 𝑚𝑚 = 𝑎𝑎 = 1, we have to prove that d(u, v) + ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 3 ---------------- (2.4a). 

Label the vertex of degree two by 3 and remaining vertices by 1 and 2. Clearly ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 2 for every pair 

of vertices u and v , u≠ v. The distance between every pair of vertices is at least 1, therefore d(u, v) 

+ ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 3 . Thus (2.5a) holds. 

Define a function 𝑝𝑝 : V(S (𝐾𝐾𝑚𝑚 ,𝑎𝑎 )) → N by 𝑝𝑝(𝑣𝑣𝑖𝑖) =  𝑖𝑖 , 1 ≤ 𝑖𝑖 ≤ m, 

 𝑝𝑝(𝑢𝑢𝑗𝑗 ) = ( 𝑚𝑚 +  𝑗𝑗), 1 ≤ 𝑗𝑗 ≤ n and 𝑝𝑝(𝑤𝑤𝑘𝑘) = (𝑚𝑚 + 𝑎𝑎 + 𝑘𝑘), 1 ≤ 𝑘𝑘 ≤ mn.  

dia(S (𝐾𝐾𝑚𝑚 ,𝑎𝑎 )) = 4, we have to prove that  

d(u, v) + ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 5 for all 𝑢𝑢, 𝑣𝑣 ∈ 𝑉𝑉(𝑆𝑆 (𝐾𝐾𝑚𝑚 ,𝑎𝑎)) ------------ (2.4b)  

Case 1: For the pair (𝑣𝑣𝑖𝑖 ,𝑤𝑤𝑘𝑘) 𝑎𝑎𝑎𝑎𝑎𝑎 d(𝑣𝑣𝑖𝑖𝑤𝑤𝑘𝑘) = 1 , 1 ≤ 𝑖𝑖 ≤ m and 1 ≤ 𝑘𝑘 ≤ mn. 

 d(𝑣𝑣𝑖𝑖 ,𝑤𝑤𝑘𝑘) + ⌈ [𝑝𝑝(𝑣𝑣𝑖𝑖)]2 +[𝑝𝑝(𝑤𝑤𝑘𝑘)]2

(𝑝𝑝(𝑣𝑣𝑖𝑖)+ 𝑝𝑝(𝑤𝑤𝑘𝑘))
⌉ ≥ 1 +  4 = 1 + diam (S (𝐾𝐾𝑚𝑚 ,𝑎𝑎 )) . 

Case 2: For the pair (𝑢𝑢𝑖𝑖 ,𝑤𝑤𝑘𝑘) and d(𝑢𝑢𝑖𝑖𝑤𝑤𝑘𝑘) = 1, 1 ≤ 𝑖𝑖 ≤ n and 1 ≤ 𝑘𝑘 ≤ mn. 

 d(𝑢𝑢𝑖𝑖 ,𝑤𝑤𝑘𝑘) + ⌈ [𝑝𝑝(𝑢𝑢𝑖𝑖)]2 +[𝑝𝑝(𝑤𝑤𝑘𝑘)]2

(𝑝𝑝(𝑢𝑢𝑖𝑖)+ 𝑝𝑝(𝑤𝑤𝑘𝑘))
⌉ ≥ 1 +  4 = 5 . 

 Case 3: For the pair �𝑤𝑤𝑘𝑘 ,𝑤𝑤𝑙𝑙� 𝑎𝑎𝑎𝑎𝑎𝑎 d�𝑤𝑤𝑘𝑘 ,𝑤𝑤𝑙𝑙� = 2 , 1 ≤ 𝑘𝑘, 𝑙𝑙 ≤ mn . 

 d(𝑤𝑤𝑘𝑘 ,𝑤𝑤𝑙𝑙) + ⌈ [𝑝𝑝(𝑤𝑤𝑘𝑘)]2 +[𝑝𝑝(𝑤𝑤𝑙𝑙)]2

(𝑝𝑝(𝑤𝑤𝑘𝑘)+ 𝑝𝑝(𝑤𝑤𝑙𝑙))
⌉ ≥ 2 +  6 > 5. 

Case 4: For the pair �𝑣𝑣𝑖𝑖 ,𝑢𝑢𝑗𝑗 �, 1 ≤ 𝑖𝑖 ≤ m 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑗𝑗 ≤ n. 

 d(𝑣𝑣𝑖𝑖 ,𝑢𝑢𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑣𝑣𝑖𝑖)]2 +[𝑝𝑝(𝑢𝑢𝑗𝑗 )]2

(𝑝𝑝(𝑣𝑣𝑖𝑖)+ 𝑝𝑝(𝑢𝑢𝑗𝑗 ))
⌉ ≥ 2 + ⌈𝑖𝑖

2+(𝑚𝑚+𝑗𝑗 )2

𝑚𝑚+𝑖𝑖+𝑗𝑗
⌉ ≥ 2 + 3 = 5. 

Case5:For the pair (𝑢𝑢𝑖𝑖 ,𝑤𝑤𝑘𝑘) 𝑎𝑎𝑎𝑎𝑎𝑎 d(𝑢𝑢𝑖𝑖𝑤𝑤𝑘𝑘) = 3, 1 ≤ 𝑖𝑖 ≤ n and 1 ≤ 𝑘𝑘 ≤ mn. 

 d(𝑢𝑢𝑖𝑖 ,𝑤𝑤𝑘𝑘) + ⌈ [𝑝𝑝(𝑢𝑢𝑖𝑖)]2 +[𝑝𝑝(𝑤𝑤𝑘𝑘)]2

(𝑝𝑝(𝑢𝑢𝑖𝑖)+ 𝑝𝑝(𝑤𝑤𝑘𝑘))
⌉ ≥ 3 +  6 > 5. 

Case 6: For the pair (𝑣𝑣𝑖𝑖 ,𝑤𝑤𝑘𝑘) and d(𝑢𝑢𝑖𝑖𝑤𝑤𝑘𝑘) = 3, 1 ≤ 𝑖𝑖 ≤ m and 1 ≤ 𝑘𝑘 ≤ mn. 

 d(𝑣𝑣𝑖𝑖 ,𝑤𝑤𝑘𝑘) + ⌈ [𝑝𝑝(𝑣𝑣𝑖𝑖)]2 +[𝑝𝑝(𝑤𝑤𝑘𝑘)]2

(𝑝𝑝(𝑣𝑣𝑖𝑖)+ 𝑝𝑝(𝑤𝑤𝑘𝑘))
⌉ ≥ 3 +  6 > 5. 

Case 7: For the pair (𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ m. 

 d(𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑣𝑣𝑖𝑖)]2 +[𝑝𝑝(𝑣𝑣𝑗𝑗 )]2

(𝑝𝑝(𝑣𝑣𝑖𝑖)+ 𝑝𝑝(𝑣𝑣𝑗𝑗 ))
⌉ ≥ 4 + ⌈𝑖𝑖

2+𝑗𝑗 2

𝑖𝑖+𝑗𝑗
⌉ ≥ 5.  

Case 8: For the pair (𝑢𝑢𝑖𝑖 ,𝑢𝑢𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ n. 

 d(𝑢𝑢𝑖𝑖 ,𝑢𝑢𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑢𝑢𝑖𝑖)]2 +𝑝𝑝(𝑢𝑢𝑗𝑗 )]2

(𝑝𝑝(𝑢𝑢𝑖𝑖)+ 𝑝𝑝(𝑢𝑢𝑗𝑗 ))
⌉ ≥ 4 + ⌈(𝑚𝑚+𝑖𝑖)2+(𝑚𝑚+𝑗𝑗 )2

2𝑚𝑚+𝑖𝑖+𝑗𝑗
⌉ ≥ 5 .  
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Case9: For the pair �𝑤𝑤𝑘𝑘 ,𝑤𝑤𝑙𝑙� 𝑎𝑎𝑎𝑎𝑎𝑎 d�𝑤𝑤𝑘𝑘 ,𝑤𝑤𝑙𝑙� = 4 , 1 ≤ 𝑘𝑘, 𝑙𝑙 ≤ mn . 

 d(𝑤𝑤𝑘𝑘 ,𝑤𝑤𝑙𝑙) + ⌈ [𝑝𝑝�𝑤𝑤𝑘𝑘 ,�]2 +[𝑝𝑝(𝑤𝑤𝑙𝑙 ,)]2

(𝑝𝑝�𝑤𝑤𝑘𝑘 ,�+ 𝑝𝑝(𝑤𝑤𝑙𝑙 ,))
⌉ ≥ 4 +  6 > 5. 

 Hence (2.5b) holds.  

Theorem 2.3 

 The radio quotient square sum number of (W𝑚𝑚ʘ 𝐾𝐾2���) = (3𝑚𝑚 + 1), m ≥ 3 . 

 Proof.  

 Let u, 𝑣𝑣1𝑣𝑣2 … 𝑣𝑣𝑚𝑚  be the vertices of the wheel path W𝑚𝑚  of n vertices. 

let 𝑥𝑥𝑖𝑖  and 𝑦𝑦𝑖𝑖  be the vertices of 𝐾𝐾2 ����, which are joined to the vertex 𝑣𝑣𝑖𝑖  of the wheel 𝑊𝑊𝑚𝑚 , 1≤ 𝑖𝑖 ≤ m. The resultant 

graph is (W𝑚𝑚ʘ 𝐾𝐾2���) .The graph (W𝑚𝑚ʘ 𝐾𝐾2���) contains 4𝑚𝑚 edges and (3𝑚𝑚 + 1) vertices. Dia (𝑊𝑊𝑚𝑚ʘ 𝐾𝐾2���) = 4. 

Define a function 𝑝𝑝 : V((𝑊𝑊𝑚𝑚ʘ 𝐾𝐾2���)) → N by 𝑝𝑝(𝑣𝑣𝑖𝑖) = (2𝑚𝑚 +  𝑖𝑖), 1 ≤ 𝑖𝑖 ≤ m, 

 𝑝𝑝(𝑥𝑥𝑖𝑖) = 𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ m, 𝑝𝑝(𝑦𝑦𝑖𝑖) = (𝑚𝑚 + 𝑖𝑖), 1 ≤ 𝑖𝑖 ≤ m and 𝑝𝑝(𝑢𝑢) = (3𝑚𝑚 +  1) .  

Now it is enough to prove that 

 d(u, v) + ⌈ [𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣)]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣))
⌉ ≥ 5. ------------------------------(2.5) 

Case 1: For the pair (𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ m. 

 d(𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑣𝑣𝑖𝑖)]2 +[𝑝𝑝(𝑣𝑣𝑗𝑗 )]2

(𝑝𝑝(𝑣𝑣𝑖𝑖)+ 𝑝𝑝(𝑣𝑣𝑗𝑗 ))
⌉ ≥ 1 + ⌈(2𝑚𝑚+𝑖𝑖)2+(2𝑚𝑚+𝑗𝑗 )2

4𝑚𝑚+𝑖𝑖+𝑗𝑗
⌉ 

 ≥ 2𝑚𝑚 + 2 ≥ 5. 

 = 1 + diam (𝑊𝑊𝑚𝑚ʘ 𝐾𝐾2���). 

Case 2: For the pair (𝑥𝑥𝑖𝑖 ,𝑥𝑥𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ m. 

 d(𝑥𝑥𝑖𝑖 , 𝑥𝑥𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑥𝑥𝑖𝑖)]2 +𝑝𝑝(𝑥𝑥𝑗𝑗 )]2

(𝑝𝑝(𝑥𝑥𝑖𝑖)+ 𝑝𝑝(𝑥𝑥𝑗𝑗 ))
⌉ ≥ 3 + ⌈𝑖𝑖

2+ 𝑗𝑗 2

𝑖𝑖+𝑗𝑗
⌉ 

 ≥ 3 + 2 =5. 

Case 3: For the pair (𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ m. 

 d(𝑦𝑦𝑖𝑖 ,𝑦𝑦𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑦𝑦𝑖𝑖)]2 +[𝑝𝑝(𝑦𝑦𝑗𝑗 )]2

(𝑝𝑝(𝑦𝑦𝑖𝑖)+ 𝑝𝑝(𝑦𝑦𝑗𝑗 ))
⌉ ≥ 3 + ⌈(𝑚𝑚+𝑖𝑖)2+ (𝑚𝑚+𝑗𝑗 )2

2𝑚𝑚+𝑖𝑖+𝑗𝑗
⌉ 

 ≥ 3 + 𝑚𝑚 ≥ 5 

Case 4: For the pair (𝑣𝑣𝑖𝑖 , 𝑥𝑥𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ m. 

 d(𝑣𝑣𝑖𝑖 , 𝑥𝑥𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑣𝑣𝑖𝑖)]2 +[𝑝𝑝(𝑥𝑥𝑗𝑗 )]2

(𝑝𝑝(𝑣𝑣𝑖𝑖)+ 𝑝𝑝(𝑥𝑥𝑗𝑗 ))
⌉ ≥ 1 + ⌈(2𝑚𝑚+𝑖𝑖)2+ 𝑗𝑗 2

2𝑚𝑚+𝑖𝑖+𝑗𝑗
⌉ 

 ≥ 2𝑚𝑚 + 1 ≥ 5.  
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Case 5: For the pair (𝑣𝑣𝑖𝑖 ,𝑦𝑦𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ m. 

 d(𝑣𝑣𝑖𝑖 ,𝑦𝑦𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑣𝑣𝑖𝑖)]2 +[𝑝𝑝(𝑦𝑦𝑗𝑗 )]2

(𝑝𝑝(𝑣𝑣𝑖𝑖)+ 𝑝𝑝(𝑦𝑦𝑗𝑗 ))
⌉ ≥ 1 + ⌈(2𝑚𝑚+𝑖𝑖)2+ (𝑚𝑚+𝑗𝑗 )2

3𝑚𝑚+𝑖𝑖+𝑗𝑗
⌉ 

 ≥ �5
3
𝑚𝑚�  + 1 ≥ 5. 

Case 6: For the pair (𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑗𝑗 ), 𝑖𝑖 ≠ 𝑗𝑗 𝑎𝑎𝑎𝑎𝑎𝑎 1 ≤ 𝑖𝑖, 𝑗𝑗 ≤ m. 

 d(𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑥𝑥𝑖𝑖)]2 +[𝑝𝑝(𝑦𝑦𝑗𝑗 )]2

(𝑝𝑝(𝑥𝑥𝑖𝑖)+ 𝑝𝑝(𝑦𝑦𝑗𝑗 ))
⌉ ≥ 2 + ⌈𝑖𝑖

2+ (𝑚𝑚+𝑗𝑗 )2

𝑚𝑚+𝑖𝑖+𝑗𝑗
⌉ 

 ≥ 𝑚𝑚 + 2 ≥ 5.  

Case 7: For the pair (𝑢𝑢, 𝑣𝑣𝑗𝑗 ), 1 ≤ 𝑗𝑗 ≤ m. 

 d(𝑢𝑢, 𝑣𝑣𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑣𝑣𝑗𝑗 )]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑣𝑣𝑗𝑗 ))
⌉ ≥ 1 + ⌈(3𝑚𝑚+1)2+(2𝑚𝑚+𝑗𝑗 )2

5𝑚𝑚+1+𝑗𝑗
⌉ 

 ≥ �13
5
𝑚𝑚� + 1 ≥ 5. 

Case 8: For the pair (𝑢𝑢, 𝑥𝑥𝑗𝑗 ), 1 ≤ 𝑗𝑗 ≤ m. 

 d(𝑢𝑢, 𝑥𝑥𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑥𝑥𝑗𝑗 )]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑥𝑥𝑗𝑗 ))
⌉ ≥ 2 + ⌈(3𝑚𝑚+1)2+𝑗𝑗 2

3𝑚𝑚+1+𝑗𝑗
⌉ 

 ≥ 3𝑚𝑚 + 2 ≥ 5. 

Case 9: For the pair (𝑢𝑢,𝑦𝑦𝑗𝑗 ), 1 ≤ 𝑗𝑗 ≤ m. 

 d(𝑢𝑢,𝑦𝑦𝑗𝑗 ) + ⌈ 
[𝑝𝑝(𝑢𝑢)]2 +[𝑝𝑝(𝑦𝑦𝑗𝑗 )]2

(𝑝𝑝(𝑢𝑢)+ 𝑝𝑝(𝑦𝑦𝑗𝑗 ))
⌉ ≥ 2 + ⌈(3𝑚𝑚+1)2+(𝑚𝑚+𝑗𝑗 )2

4𝑚𝑚+1+𝑗𝑗
⌉ 

 ≥ �10
4
𝑚𝑚� + 1 ≥ 5 

  Hence (2.5) holds.  

REFERENCES 
[1] Gary Chartrand, David Erwin, Ping Zhang, Frank Harary, Radio labeling of graphs, Bull. Inst. Combin. 

Appl. 33 (2001) 77-85. 
[2] R. Ponraj, S. Sathish Narayanan and R. Kala, Radio mean labeling of a graph, AKCE International Journal 

of Graphs and Combinatorics 12 (2015) 224-228. 
[3] T.M. Selvarajan and Swapna Raveendran, Quotient Square Sum Cordial Labeling, International Journal of 

Recent Technology and Engineering (IJRTE) ISSN: 2277-3878, Volume-8, Issue-2S3, July 2019. 
[4] F. Harary, Graph Theory, Addison-Wesley, Reading, Mass, (1969). 
[5] J.A.Bondy and U.S.R.Murthy, Graph Theory and Applications, (North-Holland), Network (1976). 
[6]  J.A.Gallian, A Dynamic Survey of Graph Labeling, The Electronic. Journal of Combinatorics, 18th 

edition, Dec 7, 2015. 

DOI: 10.37200/IJPR/V24I1/PR200299 
Received: 22 Nov 2019 | Revised: 26 Dec 2019 | Accepted: 10 Jan 2020                1943 


	Introduction
	References

