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Common Fixed Point Theorems For Weakly
Compatible Mappings Satisfying Rational
Contractive Conditions
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Abstract

By using notions of compatibility, weak compatibility and commutativity, we prove some common fixed point theorems
for six mappings involving rational contractive conditions motivated by Nesic [13] in complete metric spaces. Our work
generalizes some earlier results of Fisher [1], Jeong-Rhoades [6], Kannan [11] and others.
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1. INTRODUCTION AND PRELIMINARIES:

In recent years several definitions of conditions weaker than commutativity have appeared which facilitated significantly
to extend the Jungck’s theorem and several others. Foremost among them is perhaps the weak commutativity condition
introduced by Sessa [14] which can be described as follows:

1.1 Definition :
Let S and T be mappings of a metric space (X, d) into itself. Then (S, T) is said to be weakly commuting pair if

d(STx,TSx)<d(Tx,Sx) forall xe X .

obviously, a commuting pair is weakly commuting, but its converse need not be true as is evident from the following
example.

1.2 Example :

X
Consider the set X = [0, 1] with the usual metric. Let SX = 3 and TX = forevery X€ X . Then forall X € X

2+ X
X

, TSX=
442X 44X

STx =

hence ST #TS . ThusS and T do not commute.

Again
2
d(sTx,TSx) = |—> X | _ X
4+2X 4+x\ (4+x)(4+2x%)
2
X X_ X _d(sx,Tx)

< =
4+ 2X 2 2+X

and so S and T commute weakly.
Obviously, the class of weakly commuting is wider and includes commuting mappings as subclass.

Jungck [8] has observed that for X = R if Sx = x3and Tx = 2x3 then S and T are not weakly commuting. Thus it is desirable
to a less restrictive concept which he termed as ‘compatibility’ the class of compatible mappings is still wider and includes
weakly commuting mappings as subclass as is evident from the following definition of Jungek [8].

1.3 Definition :

Two self mappingsS and T of a metric space (X, d) are compatible if and only if lim,__d (STXn ,TSX, ) =0 whenever

{Xn} is a sequence in X. such that lim _,_ Sx, =lim_, TX =t forsomete X .
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Clearly any weakly commuting pair {S,T} in compatible but the converse need not be true as can be seen in the following
example.

1.4 Example :
Let Sx = x3 and Tx = 2x3 with X = R with the usual metric. Then S and T are compatible,
since

|TX - SX| = ‘X?" — 0 ifand only if
STX—TSX = G‘XQ‘ — 0 but

|STX —TSX| < |TX - SX| is not true for all X € X , say for example at x = 1.

1.5 Proposition :

Let S and T be continuous self mapping on X. Then the pair (S, T) is compatible on X. where as in (Jungck [10], Gajic [4])
demonstrated by suitable examples that if S and T are discontinuous then the two concepts are independent of each other.
The following examples also support this observation.

1.6 Example :
Let X = R with the usual metric we define S, T : X —> X as follows.

1/x% x#0
Sx =
0 x=0

3
and Tx 1/x° x=0
0 Xx=0

Both S and T are discontinuous at x = 0 and for any sequence {x»} in X, we have d(STx,, TSxs) = 0. Hence the pair (S,T)
is compatible.

1.7 Example :
Now we define
1/x3, x>1 ~1/x%,x>1
Sx =<1, 0<x<1 and Tx =<1, 0<x<1
0, x<0O 0, x<0

observe that the restriction of S and T on (— 00,1] are equal, thus we take a sequence {xn} in (1, 00). Then {Sx}
—(0) and {Tx, } = (~1,0). Thus for every n, TTx, = 0, TSxn = 1, STxy = 0, SSxq =1. S0 that d (STxa, TTxs) = 0, d
(TSxn, TTxn) =0 for every N € N . This shows that the pair (S, T) is compatible of type (A). Now let x,=n, N € N .
Then TX, =0, Sx, >0 asn—oo and STx, =0, TSx, =1forevery ne N andso

d (STXn ,TSX,, ) #0as N —> 00 hence the pair (S, T) is not compatible.

Very recently concept of weakly compatible obtained by Jungck-Rhoades [7] stated as the pair of mappings is said to be
weakly compatible if they commute at their coincidence point.

1.8 Example :
Let X = [2, 20] with usual metric define

2 if x=2
Tx=<12+xif 2<x<5 and Sx=
x=3 if 5<x<20

2 if xe{2}u(5,20]
8 if 2<x<5

Sand T are weakly compatible mappings which is not compatible.
2. MAIN RESULTS:

Let R* be the set of non-negative real numbers and let F:R*—>R* be a mapping such that F(0) and F is continuous at 0.
The following Lemma is the key in proving our result. Its proof is similar to that of Jungck [8].
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21 Lemma:
Let {yn} be a sequence in a complete metric space (X, d). If there exists a Ke(01) such that

d(Y,.0Y,) <K (Y, Y, ) foralln, then {ys} converges to a point in X.
Motivated by the contractive condition given by, Jeong Rhoades [6] and Nesic [13] we prove the following theorem.

2.2 Theorem :
Let A,B,S,T,I and J be self mappings of a complete metric space (X,d) satisfying AB(X) < J(X),ST(X),c I1(X),
and for each X,y € X either.
d(ABx,STy)
< {d(ABx, Jy)d(Jy,STy)+d(STy, Ix)d (I, ABX)}
o d (ABx, Jy) +d(STy, IX)
+a,|d (ABX, JX) + d (Jy, STy) ]+ a,d (Ix, ABXx)

+F(d(STy, Ix)d(Ix, ABx)) (1)
it d(ABX,Jy)+d(STy, Ix) #0,a, >0(i =1,23.....)

with at least one &, non zero and &/} + 20!2 + 0, <1
d(ABx,STy)=0if d(ABx,Jy)+d(STy,Ix)=0 (2

if either
(a) (AB, I) are compatible, I or AB is continuous and (ST,J) are weakly compatible or

(a@") (ST,J) are compatible, J or ST is continuous then AB,ST, I and J have a unique common fixed point. Furthermore if
the pairs (A, B), (A 1),(B,1),(S,T),(S,J) and (T,J) are commuting mappings then A,B,S,T,I and J have a unique
common fixed point.

Proof :
We construct the sequence as follows. Let xo be an arbitrary point in X. Since AB(X) < J(X) we can choose a point

x1in X such that ABxo = Jx1. Again since ST (X) < (X)) we can choose a point x, in X. such that STx; =Ix,, construct
a sequence {z.} be repeateadly using this argument.

Zon = ABXon = JX2n+1, Zon+1 = STXon+1 = IXon+2 N = 0,1,2, .....

Let us put
Uz = d (ABX2n, STX2n+1) and Uzn+1= d (STXzn+1, ABXan+2) forn =0,1,2,....

Now we distinguish to cases :

Case—1:

Suppose that Uzn + Uzne1 7 0 for n =0,1,2..... Then on using inequality (1), we have
Ui = (22011 Zoni2) = d(STX,0,0, ABX,,, )

B a{d (ABXy,5. I%50,1) A (X1, STXo01) + (STXop1: X)) A (X ABXM)}
d(ABXyp, 5, o) +d(STXpn 1, X,z

+a, [d (ABX2n+2 ) ‘JX2n+2) +d (JX2n+l' STX2n+1)]+ asd (IX2n+2 ) JX2n+1)

+ F(d(STXp0,1 1X50,5)-d (15,5, ABX,,, )

< a,1|:d (Zoni2,220) (250, Zonia) + A (Zo0110 Zoni1) A (Zonas 22n+2):|
A(Zn:21220) +A(Z0.00 Zon1)

+0,[d(Z50,21Z5001) +A(Z501 250,01+ @30 (25011, 25,)

+ F(d (Zanas Zonsa) A (2o ZZn+2))
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=oyd(2,,2Z50,0) + @30(25,5 Z50,0) + @,0(25, 25,0) + 250(25,,1, 25,) + F(0)

which implies that
(24} —+ o, + (24

d :
(1_a2) (22n 22n+1)

d (22n+1’ Z2n+2) =

Similarly we can conclude that
(2%} =+ o, =+ (2

(1-&2) d(ZZn—l!ZZn)

d (ZZn ’ Z2n+1) =

Thus for every n we have

d(z,.z,,)<kd(z,,.z,) (3)

o+ a, +a,

1-a,)

ABX,, = JX,,.; and STX,,,; = IX,,,, , which are subsequences also converges to the point z.

where K = <1, therefore, by Lemma 2.1 {z,} converges to some Z € X . Hence this sequences.

Let us now assume that I is continuous so that the sequence {12xzn} and {IABx2n} converges to some point 1z. Also (AB,I)
are compatible, so {ABlx2n} converges to |z.
Now,

d (ABI 2n? STXZn-v—l)

o d (ABIX2n ’ ‘]X2n+1)'d (‘]X2n+l' STX2n+1) + (STX2n+1’ I 2X2n)'d (I 2X2n ’ ABIXZn)
- d (ABX,,, 3%,n,1) +d (STX0,0, 17X,,)

+a,[d(ABIX,,, 12X, ) +d (g1, STX 0 )]+ 5d (12 X,,, 3%;,,1)
+ F(d(STXop, 1 2%50).d (12X, ABIX,, ) )

which on letting N — oo reduces to
d(lz,z)

<a d(lz,z).d(z,z)+(lz,z).d(lz,12)
-t d(1z,2)+d(z, 12)
+a,d(1z,2) + F(d(lz,2).d(Iz,12))

}Laz[d(lz, 1) +d(z,2)]

or

d(lz,z) < e,d(lz,2)

yielding thereby 1z=12.

Now,
d(ABz,STX,,.,)
<a d(ABz,JX,,,,).d (IX,,1, STX,0,1) + (STX,, 4, 12).d (12, ABZ)
- d(ABz,Jx,,.,) +d(STx,,.,, 1z)
+a,[d(ABz,12) + d (I%,,.,, STX,,.0 ) |+ 20 (12, Ix,,..,)
+F(d(STx,,.,, 12)d(Iz, AB2))
Or

d(ABz,z)
<y [d(ABz,z).d(z,z)+(z, 1z).d (1z, ABz)

d(ABz,z)+d(z,1z2)
+a,d(Iz,z)+ F(d(z,12).d(Iz, ABz)),

}Laz [d(ABz,1z) +d(z,2)]
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on letting N — 00 and using 1z =z, we get

d(ABz,z) < «,d(ABz,z)

implying thereby ABz = z.
Since AB(X)c J(X), there always exist a point Z' such that
JZ'=zsothatSTz=ST(JZ")
Now
d(z,STz") =d(ABz,STz')
o d(ABz,Jz").d(Jz',STz") +d(STz') + d(STz',1z).d (1z, ABz)
- d(ABz,z') +d(STzZ', 12)
+a,[d(ABz,12) + d(Jz',STZ") |+ a,d (12, Jz') + F(d (STZ', 1z)d (1z, ABz))

—a, d(z,z).d(z,STz')+d(STz',z) + d(z, 2) +cx2[d(z, 2)+ d(z,STz’)]
d(z,z) +d(STz',z)
+a,d(z,2) + F(d(STZ',2).d(z,2))
=a,d(z,STz") + F(0)
or
d(z,STz') < @,d(z,ST2),
which implies that STz =2z = Jz'. It shows that (ST,J) have a coincidence point z'. Now using the weak compatibility

of (ST, J), we have
STz=ST(Jz')=J(STZ")=Jz,

which shows that z is also a coincidence point of the pair (ST, J), Now
d(z,STz) =d(ABz,STz)

<a d(ABz,Jz).d(Jz,STz)+d(STz,1z).d(lz, ABz)
- d(ABz,Jz) +d(STz, 12)

+a,[d(ABz,1z) +d(Jz,STz) |+ a,d (12, Jz) + F(d (ABz, 12).d (1z,STz))
_ a{d (z,5Tz).d(STz,STz) +d(STz,2).d(z, z)} v o, [d(2.2)+ d(ST2,5T)]

d(z,STz)+d(STz,z)
+a,d(z,STz) + F(d(z,2).d(z,STz))
=a,d(z,STz)+ F(0)
or
d(z,STz)< a,d(z,STz).
Hence Z = STz = Jz, which shows that z is a common fixed point of AB, 1,ST and J.

Now we suppose that AB is continuous so that the sequence {AB?xzn} and {ABIxzn} converges to ABz. Since (AB, 1) are
compatible it follows that {IABx,} also converges to ABz. Thus

d(AB?X,,,STX,,,)

<a d (ABZXZn ! ‘]X2n+1 )d (‘]X2n+l’ S-I-X2n+1)+ d (STX2n+l’ IABX2n+1)'d (IABXZn ' ABZXZn)
- d(AB2X,,, Xy, )+ d(STX,p, 1ABX,, )
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+ a2 [d (ABZXZn ! IABXZn )+ d (‘]X2n+1’ STXZm—l )] + asd (IABXZn ! ‘]X2n+l)
+ F(d(Slx,,.,, 1ABX,, )d(1ABX,,, AB?X,, ))
which on letting N — oo reduces to
d(ABz,z)

<a d(ABz,2).d(z,z)+(z,ABz).d (ABz, ABz)
- d(ABz,z)+d(z, ABz)

+a,[d(ABz, ABz) +d(z,2)]+ a,d (ABz, 2)
+F(d(z, ABz).d (ABz, ABz))
or
d(ABz,z) < a,d (ABz,2)
yielding thereby ABz =z
As earlier there exist Z' in X such that ABz =z =JZ'. Then
d(AB?x,,,STz')
<y d(AB2x,,,Jz')d(Jz’,STz')+ d(STZ', IABX,, ).d (1ABX,, , AB’X,,)
- d(AB?x,,, 3z )+ d(STz', 1ABx,, )

+a,[d(AB?X,,, IABX,, )+ d(Jz', STz )] + asd (1ABX,, , Jz')
+F(d(STz',1ABX,, )d(1ABX,,, AB2X,, ))

which on letting N — o0
d(z,STz")
< al[d (ABz,Jz").d(J3z',STz")+d(STz', ABz).d (ABz, ABZ):|
d(ABz,Jz")+d(STz', ABz)
+a,[d(ABz, ABz) +d (Jz,STz") |+ a,d (ABz, Jz")
+ F(d(STz', ABz).d (ABz, ABz))

or

d(z,STz") < ,d(z,STzZ')

This gives STz'=z=Jz". Thus z' is a coincidence point of ST and J. Since the view of weakly compatibility of the
pair (ST,J) one has STz =ST(Jz") = J(STz") = Jz which shows that STz = Jz. Further

d(ABx,,,STz)
<yl (ABx,,,Jz)d(Jz,STz)+d(STz, Ix,, )d(1x,,, ABX,, )
- d(ABx,,,Jz)+d(STz,Ix,,)

+a,[d(ABX,,, Ix,, )+d(STz,Jz)]+ a,d (1, , Jz)
+F(d(1%,,,STz)d(Ix,,, ABX,, ))
which on letting N — o0, and STz = Jz, reduces to
d(z,STz)
| d(z,92)d(32,ST2)+d(STz,2)d(z,2)
<a,
d(z,Jz)+d(STz,2)

+a,[d(z,32)] + F(d(STz,2)d(z,2))

}az [d(z,2) +d(Jz,STz)]

DOI: https://doi.org/10.53555/V1711/400079 228



International Journal of Psychosocial Rehabilitation, Vol. 17, Issue 01, 2013
ISSN: 1475-7192

which implies that

d(z,STz)< a,d(z,STz)

STz =z =Jz, It follows from the upper part.
Since ST(X) C I(X) there always exist a point " in X .such that 12" =z . Thus

d(ABz",z)=d(ABz",STz)
<y {d(ABz”, Jz)d(Jz,STz)+d(STz, 1z").d (12", ABz”)}
! d(ABz",Jz)+d(STz, 1z")
+a,[d(ABz",12") + d (Jz,STz) |+ a,d (12", J2)
F(d(STz,1z")d(Iz", ABz"))

<y {d(ABz”,z).d(z,z)+d(z,z).d(z,ABz")
! d(ABz",2) +d(z,2)

+a,d(z,2)+F(d(z,2)d(z, ABz"))

= a,d(ABz",2)+ F(0)

}+0{2 [d(ABz", z)+d(z, z)]

equivalently,

d(ABz",z)< a,d(ABz2",2)

which shows that ABz" =z
Also since (AB, I) are compatible and hence weakly commuting we obtain.

d(ABz,1z)=d(AB(Iz"),1(ABz"))
<d(lz",ABz")=d(z,2)=0
Therefore ABZ=12=12.

Thus we have proved that z is a common fixed point of AB, ST, | and J.

Instead of AB or | if mappings ST or J is continuous, then the proof that z is a common fixed point of AB, ST, I and J is
similar.

To show that z is unique, Let U be the another fixed point of I, J, AB and ST then
d(z,0)=d(ABz,STv)

d ABz,Jv)d(Jv,STv) +d(STw,Tz)d(Iz, ABz)
d(ABz JU)+d(STo, 12)

+a2[d(ABz 1z) +d(Jv,STo) |+ a,d(1z, Jv)
+F(d(STo,12)d(Iz, ABz))

or  d(z,0)<a,d(z,0)+F(0)

o d(z,0)<ed(z,0)
yielding thereby Z =0
Finally we need to show that z is also a common fixed point of A,B,S,T,I and J. For this let z be the unique common fixed

point of both the pairs (AB, 1) and (ST, J) then.
Az = A(ABz) = A(BAz) = AB(Az), Az=A(lz) =1(Az)

Bz = B(ABz) = B(A(Bz)) = BA(Bz) = AB(Bz),
Bz =B(lz) =1(Bz)
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which show that Az and Bz is a common fixed point of (AB, I) yielding thereby Az=z=Bz=Iz=ABz in the view of
uniqueness of common fixed point of the pair (AB, I).

Similarly using the commutativity of (S,T), (S,J) and (T,J) it can be shownthat Sz=z=Tz=Jz = STz
Now we need to show that Az=Sz (Bz=Tz) also remains a common fixed point of both the pairs (AB,I) and (ST, J) for this

d(Az,Sz)=d(A(BAz),S(TSz))
=d(AB(Az),ST(Sz))

d(AB(Az),J(Sz))+d(ST(Sz),1(Az))
+a,[d(AB(AZ), 1(Az)) +d(J (Sz),ST(S2)) ]+ a,d (1 (Az),  (S2))
+F(d(ST(Sz),1(Az))d(I(Az), AB(Az)))

" {d(AB(Az), J(Sz))d(J(Sz),ST(Sz))+d(ST(Sz),1(Az))d (I (Az), AB(Az))}

implies that d(Az,Sz)=0(as d(AB(Az)),J(Sz))+(ST(Sz),1(Az))=0),
using condition (2), yielding thereby Az = Sz. Similarly it can be shown that Bz = Tz.

Thus z is the unique common fixed point of A,B,S,T,l, and J

Case-11:

Suppose that d(ABx, Jy) + d(STy, I1x) = 0 implies that d(ABx, STy) = 0, Then we argue as follows:
Suppose that there exists an n such that z, = zy+1

Then, also zn+1 = Zn+2, SUPPOSe not. Then from (3) we have

0<d(z,,,2,,,)<kd(z,,,2,) yielding there Z,., =2, .,. Thus z:=zn« for k = 1,2.... It then follows that there exist
two point W, and W, such that v; = ABW, = JW, and v, = STw, = lw,.

since d(ABw,, Jw, ) +d(STw,, Iw, )=0, from (3)

d(ABw,STw,)=0 ie o, =ABw,=STw, =V,

Note also that v, = | (ABw1) = AB (Iw,) = ABv;

Similarly STv, = Ju, . Define ¥, = ABu,, Yy, =STv,,

since d(ABuv,,Jv,)+d(STv,,Ju,) =0

it follows from (2.3.9) that d(ABuv,,STv,) =0ie.y, =Y,

Thus ABy, =lv, =STov,Ju, But v, =0,

Therefore AB,I,ST and J have a common coincidence points define w = AB U, , it then follows that w is also a common
coincidence point of AB,1, ST and J, if ABw= ABu, =STu, then d (ABw,STv,)>0, But, since
d(ABw,Jv)+d(STo,, Iw) =0. if follows from (2) that d (ABw, STv,) =0, i.e. ABW = STv,, a contradiction.

Therefore ABW = ST, =W and w is a common fixed point of AB, ST, I and J.
The other part is identical to the case (1), hence it is omitted, this complete the proof.
If F () =0, forall t e R" and putting a, = 0, AB =A, ST =B, this will give the following result of Jeong-Rhoades [6]

2.3 Corollary :
Let A,B,S and T be for self maps of a complete metric space (X,d) satisfying A(X) < T(X),B(X),c S(X), and for

each X,y € X either.
d(Ax, By)
<y d(Ax, Sx)d(Sx, By) +d(By,Ty).d(Ty, Ax)
- d(Sx, By) +d(Ty, AX)

:|+ £d(Sx,Ty)
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if d(Sx,By)+d(Ty,AX)#0,a,>0, aa+p<1lor
d(Ax,By)=0if d(Sx,By)+d(Ty,Ax)=0

if either

@)

(A, S) are compatible, A or S is continuous and (B, T) are weakly compatible or

(a') (B,T) are compatible, B or T is continuous and (A,S) are weakly compatible, then A,B,S and T have a unique common
fixed point z. Moreoverz is the unique common fixed point of Aand Sand of Band T.
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