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ABSTRACT

Endomorphism monoids have long piqued the curiosity of researchers in both universal
algebra and specific classes of algebraic structures. Endomorphism monoids have long
piqued the curiosity of researchers in both universal algebra and specific classes of
algebraic structures. The collection of endomorphisms for any algebra is closed under
composition and forms a monoid (that is, a semigroup with identity). The endomorphism
monoid is a fascinating structure that can be obtained from a given algebra. The structure
and features of the endomorphism monoid of a strong semilattice of left simple semigroups
are investigated in this research. In such a semigroup, the defining homomorphisms are
primarily constant or bijective.
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1. INTRODUCTION

This paper is divided into three pieces. The category of topological semigroups is
discussed in the first section. The concept of an ideal*semigroup is introduced in the next
section, and we show that epimorphisms in the category of ideal*sernigroups are
morphisms with dense range. In part three, reflective subcategories are studied, and it is
shown that an object's reflection is unique up to topological isomorphism in 5S, the
category of topological semigroups. In the final section, we look at the Universal Problem
as defined by adjoint functors and establish the sufficient condition for two adjoint
functors to generate a reflective subcategory.

I have gone through many researches conducted by researchers in order to obtain a wealth
of information about the various topics. We looked at the work of Bin Zhaoa, Changchun
Xiaa, and Kaiyun Wang(2017), who looked at the condition () on topological semigroups
and proved that every T1 topological semigroup that meets condition () has a limited
complete algebraic prequantale model, M.

In their book, Husek and J. van Mill, eds., Elsevier, (2002), they discuss current advances
in topological subgroups and Ramsey theory. Pannawit Khamrot and Manoj Siripitukdet
(2017) introduced a generalisation of a bipolar fuzzy (BF) subsemigroup, Isabel A. Xarez
and Joao J. Xarez (2013) discussed categorical methods, and Matthew Jacques (2017) used
hyperbolic geometry and other methods to investigate composition sequences in depth.
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2. CATEGORY OF TOPOLOGICAL SEMIGROUPS

Obijects are topological semigroups, and morphisms are nonstop homomorphisms in the
topological semigroups category; however, in the monoid categories, morphisms must be
personality preserving. The typical structure of functions[1] is the rule of arrangement in
every category.

Let KS denote the discrete semigroups category, TKS symbolise the topological
semigroups category, and CKS signify the compact semigroups category.

If S is a CK object, then the identity function from S to itself is the CK identity morphism
for S. (denoted as Is). For any pair of C K objects, HomCK(S, T) is a set. T is determined
by the fact that HomCKk(S, T) Ts.

Assume that (S, m) is a semigroup. The semigroup (S, n), with n(x, y) = m(y, x) for every
(x, Y) S XS, is the dual of (S, m). Let S stand for S's dual semigroup. D(S) = S defines the
dual functor from C Kto C K, and if ():S T, then D ():(S) and T.

Definition 1.1: The C K -sections are those C K -morphims :ST such that is a topological
isomorphism onto (S) and is a topological isomorphism onto (T) (S). T undergoes a
homomorphic retract. That is, there is a C K — morphism: T T such that (°=) and (T)=(T)
are true .[2]

This result holds for the categories of discrete 55 (Topological) monoid, (Compact)
monoid, locally smaller monoid, Regular semigroups, remarkably divisible semigroups,
UD(TUD)(CUD), and limited semigroups, albeit the proof techniques are unique. For the
category of discrete (Topological) (Compact) Divisible semigroups, this result does not
hold.

3. CATEGORY OF IDEAL*SEMIGROUPS

Definition 3.1: Any surjective CK morphism is a CK -epimorphism in the nontopological
and smaller categories, and any dense CK morphism is a CK -epimorphism in the
topological categories. The converse is not always true. Let S be a semigroup of non-
negative integers that may be added to, and :S Z be the inclusive homomorphism. If CK
item belongs to the category of discrete semigroups, category of topological semigroups,
category of discrete abelian semigroups, category of topological abelian semigroups,
category of discrete monoids, and category of topological monoids, then it is a CK
epimorphism. Epimorphisms are subjective in the category of discrete abelian groups. If
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CK objects belong to the category of discrete semilattices, category of smaller semigroups,
then CK epimorphisms are surjective. K.H. Hofmann and M. Mislove (2005) give an
excellent presentation on epimorphism in many categories.

Definition 3.2: A topological semigroup S is said to be an ideal* semigroup if all its non
void subsets are goals of S

Illustration: Let S be a topological semigroup and S= {x;,X2,X3,Xa} .for all Xi€ S

In this example, we make sure that all of S's non-empty subsets are ideals. S is a
topological ideal*semigroup in this case. The categories of all topological
ideal*semigroups with consistent homomorphisms are then considered. Then, in the
category of all topological ideal*semigroups[3], we construct the following results.

We consider the category of all topological ideal*semigroups and show that epi-
morphisms in this category are dense range morphisms.

The epimorphisrns in the category of all ideal *semigroups (TIS) are morphisrns with
dense range, according to Theorem3.3.

Let Sand T be ideal *sernigroups, and f: S T be a continuous homomorphism with (fs) = T.
f is then an epimorphism. For example, if g f = h f, we must prove that g(x) = h(x) for
every X T. If this is not the case, consider that g(x) h(x) for at least one xT/f (x).

R is a Hausdorff space because it is an ideal *semigroup. There are disjoint open sets U
and V that include g(x) and h(x), respectively, according to the specification of the
Hausdorff axiom. Choose an x neighbourhood W where g(W)U and h(W)V are true. Since
g, hare continuous maps, this is conceivable.
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Because X T = (fs), W intersects f(x) at a place other than x (say y). Then h(y) V, g(y) U.
However, since yf(x), g(y) = h(y). That's what U V stands for. This is not an option. The
fact that U and V are disjoint is contradicted by this. As a result, for every XT, g(x) =h(x).
As a result of g=h, f is an epimorphism.

In the opposite case, if f: (S) T is an epimorphism, then f(S) is dense in T. Assume that f:
(S) T is an epimorphism. f(S) is the continuous image of an ideal *semigroup that is an
ideal in T, because S is an ideal*semigroup.

Then we demonstrate that (fs) = T. Assume that (fs) T. We shall next argue that f cannot
be an epimorphism. Making an ideal * semigroup R and two continuous homomorphisms
Pl and P2 from T to R that agree on f (S)

4. REFLECTIVE SUBCATEGORIES.

Definition 4.1 Reflective subcategory denotes a subcategory that contains the "greatest"
model of any given category's inquiry. A full subcategoryC of a category D is more
effectively called reflective if it comprises a (Reflection of an object of a category) for
each object of D. If and only if the inclusion functor F: C D has a left adjoint G: C D, C is
reflective in D. The morphisms D: D G(D) appearing in the meaning of a reflection
produce a characteristic transformation from the identity functor on D to the composite of
G with the incorporation functor F, which is the unit of the adjunction[4]. A coreflective
subcategory is an idea that is similar to that of a reflective subcategory.

Many aspects of the ambient category D are inherited by the reflective subcategory C. A
morphism of C, for example, is a monomorphism in C if and only if it is also a
monomorphism in D. As a result, every reflected subdivision of a tightly restricted
category gets fueled all around. To the extent that they exist in the ambient category, a
reflective subcategory is closed under products. The same can be said for more expansive
restrictions. The functor G translates colimits in D into colimits in C, so a reflective
subcategory does not need to be closed under colimits. As a result, a complete
(cocomplete) category's reflected subcategory is complete (cocomplete).

Illustration:

Reflective subcategory denotes a subcategory that contains the "greatest” model of any
given category's inquiry. A full subcategoryC of a category D is more effectively called
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reflective if it comprises a (Reflection of an object of a category) for each object of D. If
and only if the inclusion functor F: C D has a left adjoint G: C D, C is reflective in D. The
morphisms D: D G(D) appearing in the meaning of a reflection produce a characteristic
transformation from the identity functor on D to the composite of G with the incorporation
functor F, which is the unit of the adjunction[4]. A coreflective subcategory is an idea that
is similar to that of a reflective subcategory.

Many aspects of the ambient category D are inherited by the reflective subcategory C. A
morphism of C, for example, is a monomorphism in C if and only if it is also a
monomorphism in D. As a result, every reflected subdivision of a tightly restricted
category gets fueled all around. To the extent that they exist in the ambient category, a
reflective subcategory is closed under products. The same can be said for more expansive
restrictions. The functor G translates colimits in D into colimits in C, so a reflective
subcategory does not need to be closed under colimits. As a result, a complete
(cocomplete) category's reflected subcategory is complete (cocomplete).

Definition 4.2. A Reflective Functor is a functor r from a category C to a subcategory R of
C if there is a morphism nc: C r C and any morphism from C to an object R of R factors
through re via n c, such that the following diagram commutes|[5].

. ¥
4R

The subcategory R is called a reflective subcategory if r: CR is a reflective functor. The
object re is known as C's reflection in R.

4.3 Proposition: The reflection of an item is unique up to topological isomorphism in the
category of topological sernigroups n C.

Proof: Let R be a subcategory of nC that is reflective. Let rX be an object X's reflection.
Let f: X Y be a continuous homomorphism such that any continuous homomorphism from
X to an object of R factors uniquely through Y (through f). The morphisms h and g exist
and are distinguished by the reflective characteristics of Y and rX separately in the
commutative diagram below. Because rX is a R object, the consistent homomorphism g
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must factor via nx in particular. One such factorization is Ir, and the graphic illustrates that
hog is another. Because there is only one factorization, we must have h°g =Irx.

1 x

b, § ZrX

/] \ ) \, ‘ h
v N |
rx - > Y

genx=fand h 0 f=nx

he (genx)=nx

(heg)enx=nx-e

Likewise Irx e nx =nc then h o g = Irx
h : Y—rX is a nonstop homomorphism
g=h-1

g = h-1: rX—Y is a nonstop homomorphism heg =Irx is a mathematical isomorphism and
a homeomorphism.

Thus the impression of an item is special up to topological isomorphism. Rehashing

the contention with rX and Y traded then g = h = Iy and g, are topological isomorphisms
among rX and Y. Henceforth rX and Y are topologically isomorphic.

All inclusive Problem 4.4: Since C is a subcategory of D , the general issue comparing to
an intelligent subcategory is effortlessly addressed. Let Cee and D € D. There exists a
morphism f: D— :R D in D prompted by the normal change Id D— E R. In the event that
g: D—C is morphism in D there exists precisely one morphism h in the subcategory e
which make the outline commutative. That is hef = g

1373



International Journal of Psychosocial Rehabilitation, Vol. 25, Issue 03, 2021
ISSN: 1475-7192

Lemma 4.5. Let C be a full, reflecting subcategory of the D with reflectorR category of
topological semigroups. Then R is topologically isomorphic to Ide when restricted to the
subcategory C.

Proof: Because C is a full subcategory, we get the continuous homorphism for each C C.
'E: CD' defines a universal problem, and Ic:C C is a universal solution for it. R C=C is
natural in C for all C R because of the universal solution's uniqueness.

We have a basic introduction to the general issue challenged by adjoint functors in
semigroup theory because of reflective subcategory; therefore, it is fascinating to know
when a pair of adjoint functors incites a reflective subcategory. A necessary condition is
given by the following theorem.

5. CONCLUSION

For the character semigroup, there are two typical topologies. The mathematical qualities
of the first semigroup are therefore determined by the topological properties of the
character semigroup. The subject of when a character semigroup is a group of functions
isolating the semigroup's purposes is considered, as are the connections between this
question and semigroups that are embeddable in topological groups.
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