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ABSTACT

This paper aims to introduce various ideas related to irreducible algebraic monoids in a
very concise manner. The geometry of algebraic monoids is investigated. We show that
an irreducible algebraic monoid's group of invertible elements is an algebraic group
open in the monoid. This theory combines algebraic groups, green class topology,
Grassmann manifolds, and natural monoids structure in a natural way. In mathematics,
it is a very busy and fruitful research area. Natural bundle structures on the space of
idempotents, as well as the various Green classes, were also discussed.
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1.INTRODUCTION

Algebraic semigroups can be described in very simple terms: they are algebraic varieties
with a cooperative composition law and a morphism of varieties. Only regular irreducible
algebraic monoids are considered here. The semigroup Mn(C) is a monoid in and of
itself. In this section, we get results that are equivalent to Mn's topological features (C).
The space of idempotents in a class of discretionary regular irreducible monoids, for
example, has the structure of a fibre bundle over a submanifold of the Grassmann
manifold[1].

The following is a summary of the paper. We briefly discussed the concept of an
algebraic monoid in Section 2. A discussion of the group of units in an algebraic monoid
may be found in Section 3. Section 4 examines the topology of Green classes. We saw
that these classes have natural manifold topologies there. We looked at the connections
between Green classes in an algebraic monoid and Grassmann manifolds in Section 5.
The sixth section is

committed to the study of various structures on the idempotent space. We used the
bundle structure theorem in Section 7 to establish the closeness of natural bundle
structures on the space of idempotents as well as on the various Green classes.
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We read multiple study papers by researchers in order to gain a thorough understanding
of the various topics. In the study of spherical variations, Renner, L.E.(2005) discussed
the method of "horospherical degeneration.” In his research on algebraic geometry,
Renner, L.E., and Rittatore, A.(20110) discussed more advanced approaches. J.J Kohila
discussed algebraic methods for determining approximation about range projections of
idempotents, and he employed methods for establishing the distance between items in the
criteria space. Mohan S. Putcha (2007) shed some light on a group of algebraic group
units, whereas A. Rittatore (2007) discusses several algebraic group units.

2. ALGEBRAIC MONOIDS

Throughout this article, it will be assumed that the underlying field K is the algebraically
closed field C of complex numbers[2]. Let K [XI...,xn] stand for the commutative algebra
of polynomials in the indetenninates XlI,...,,Xn over the field K (A subset X K n is
algebraic if it is the zero set of a collection of polynomials in K [XI...,xn]). If an algebraic
set X K n is not an association of two acceptable algebraic sets, it is irreducible. We
consider the perfect in K [XI...,xn] and the quotient algebra K [X]= K [XI...,xn] /I[X] if
X is an algebraic subset of K n. Let's pretend that X K n and Y K n JK'1l are algebraic
sets. If each | K [X], amap (1,...., m) =: X Y is a morphism.

I[X] = {f € K [XI ... xn] : f(X)=0} )

The goal of this exercise is to consider Euclidean topology on algebraic sets. In K n, the
standard inner item induces a norm known as the Euclidean norm. The Euclidean
topology on K n is the topology imposed by this standard. It is assumed that every
topological phrase in this section refers to Euclidean topology. We can ensure that each
algebraic set Xn is closed in this way.

2.1 Proposition.1. Let X< K" be an algebraic set. Then X is a Hausdorff, locally
compact, a-compact space

Proof. We can show that X is a Hausdorff space since K n is a Hausdorff space and every
subspace of a Hausdorff space is also a Hausdorff space. We conclude that X is locally
compact because K n is locally compact, any closed subset of a locally compact space is
locally compact, and each algebraic set in K n is a closed set.

To demonstrate that X is compact, define r for any positive integer.

Vr.={xeKn: | xl<r}andUr=XnVr. (2)

1351



International Journal of Psychosocial Rehabilitation, Vol. 25, Issue 03, 2021
ISSN: 1475-7192

An algebraic semigroup S= (S,) is a morphism of varieties consisting of an affine variety
S and an associative product map °: S x S S. In any case, every algebraic semigroup is an
algebraic subsemigroup of some Mn (K). An irreducible semigroup is an algebraic
semigroup with an irreducible algebraic set as its underlying algebraic set.

On an algebraic semigroup, the Euclidean topology is as follows: Assume S is an
algebraic subsemigroup of Mn K. Mn is given the Euclidean topology (K). The subspace
topology inherited from Mn is then assigned to S. (K). The Euclidean topology on S is
this topology.

2.2. Notations

Throughout this section, we will follow particular notations. Unless otherwise specified,
M is a regular irreducible algebraic submonoid of Mn (K), with G being the group of
units in M. The correspondingerelations in M will be designated by.: L M, etc., while
Green's relations in Mn (K) will be denoted by L, etc. Green classes in Mn(K) are
represented by La, etc., and comparable classes in M are represented by L aM, etc.

3. THE GROUP OF UNITS IN AN ALGEBRAIC MONOID

Let M be an algebraic submonoid of Mn(K), let G be the unit group in M. G is not an
algebraic set in GL in general (n). We do, however, get the following result[4].

3.1 Lemma. Let M be an algebraic submonoid of Mn(IK) and G the group of units in
M. Then

1.G=MnGL (n).
2. G is an analytic subgroup of GL (n).

Proof. We clearly have G GL (n), and so G M GL (n). Allow me to M GL (n). After that,
det(u)O. As a result, we must have u H M 1 in. G, on the other hand, equals H 1M,
therefore u G. The first half of the lemma[5] is so proved.

G is unmistakably a subset of GL (n). To show that G is an analytic subgroup of GL (n),
all we have to do is show that G is a submanifold of GL (n). Consider the following set
as an example.

a

G={g

2}: aeK, aeM,adet(a) = 1. 3)
Since M is an algebraic set, G' is an algebraic set in GL (n +1)
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4. TOPOLOGY OF GREEN CLASSES

4.1 Green's Relations

We begin by stating a fundamental factual fact. Theorem indicates that M is as r regular
semigroup since M is an algebraic sub semigroup of Mn(K). As a result, we must have
DM =1 M.

In M, we have the following depiction of the Green classes:

Lemma 4.1 Let &« € M. Then we have:

1. M= Ga.
2. RM =aG
3. DY = GaG.

We also have the following result

Lemma 4.2 Let @« € M. Then we have:

I.L a®M=LaN M

2.R a®M=RanN'M

M is a regular subsemigroup of Mn (K) as proof.

As a result, we obtain LM b [a R Mb] for all, b M if and only if a L b [a R b] This leads
to the Lemma.

Green classes in Mn (K) are observed to be analytic submanifolds of Mn (K). We are
currently demonstrating that the result is also valid for M.

Proposition 4.1 Let & € M. Then

1. L¥=is a manifold of M, (K)

2. RM =is a manifold of M, (K)

Proof. Consider the map

Al: G x Mn (K) — Mn (K),(v,X)= V*X=VX.

Obviously, this characterizes a left activity of G on grid duplication is logical, the guide
Mn (K) is insightful. By Lemma 4.1, G is a submanifold of GL(n). Consequently G x Mn
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(K) is a submanifold of GL(n) x Mn (K). Accordingly in, the limitation ofthe above guide
to G x Mn (K), which is the guide indicated in above Eq, should likewise be insightful.

5. GREEN CLASSES AND GRASSMANN MANIFOLDS

We have seen how the Grassmann manifolds are immovably related to the geography of
the Green classes in the semigroup Mn (K). In this space we summarize a piece of those
results to M.

5.1 The Maps r "aand A Ma:

Since Mn (K), is the semigroup of straight endomorphisms of a n-layered vector space V,
every component X in an arithmetical subsemigroup M of Mn (K) can be considered as a
direct endomorphism of V. Along these lines, to each component x € M we can relate its
reach R(x) and invalid space N(x). On the off chance that Rank(x) = Kk, these are
components of the Grassmann manifolds Gk and Gn-k separately.

Lemmab5.1Leta, b € M. Then
1. a LMb © R(a) = R(b).
2. aR®Mb © N(a) = N(b)

Proof. Since M is a customary subsemigroup of Mn (K), for any a, b € M, oo L M bif and
provided that o L b. Yet, a L b if and provided that R(a) = R(b). This demonstrates the
case in regards to .filM. The confirmation of the case it is like respect M.

5.2 The Manifold Structure of G} and G,

One of the fundamental eventual outcomes of this region is that the sets G_a™l and G_a’*r
with the subspace geography acquired from Gk and Gn - k individually have regular
complex designs which make them submanifolds of the manifolds Gk and Gn-k
separately. We require a fundamental outcome to demonstrate this outcome.

Lemma 7.4.5The map

A4 G X Gk— Gk | (U,W)HWU'l. 4)

defines an analytic left activity of G on Gk , The stabilizer S4,w of any component W €
Gk under this activity, is a logical subgroup of G. Further, on the off chance that e €
E(M) S4,R(e) ={u € G : eue = eu}
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Proof: Simply put, the guide in the preceding Equation denotes G's left action on Gk. We
can see that G's activity on Gk is analytic by inserting local coordinates in Gk.

Under the above activity, the stabiliser S 4,w of an element W E Gk is an analytic
subgroup of G.

6. THE SPACE OF IDEMPOTENTS

The limitations of Green's relations to the space of idempotents in a regular irreducible
algebraic monoid M are described by the following lemma. The biorder relations L and R
in E(M)[3] are the constraints of L and R to E(M).

Lemma6.1 Let e, f € E(M). Then we have
1.eDMfe f=ueu for some u EG.

2.e LtMfo f=ueul=ueforsomeuEG.

3.e RMfo f=ueu' = eu? forsome u E G.

The above Lemma has the following immediate consequence
6.1 The Manifolds E(DY), etc.

E(De) is a submanifold of Mn and is used to discuss the topology of E (D eM) (K). Also
keep in mind that when proving this theorem, we took into account a certain GL(n)
activity on En. The same action is considered here, but it is limited to the analytic group
Gacting on E. (De). This is established by

A6: G x E(De) — E(De), (u,f) — u*f=ufu-1. 5)

We can see that this action is analytic, as shown in the proof, and we obtain E(D
eM)=G*e by Lemma 6.1.

7. BUNDLE STRUCTURES

We show how these structures can be summed up to the semigroup M in this segment.
The bundle structure theorem is the tool that was used in this analysis. The processes are
accurate strategy speculations.

7.1 The Bundle Structure of E(DY)
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By Lemma 2.1, G is an analytic group, cgi, (e) is an analytic and hence a closed subgroup
of G. By Theorem, Cg(e) is an analytic and therefore a closed subgroup of Cg(e). So,
applying the bundle structure theorem, we get the following result:

Proposition :7.1. The quintuple
B=(G/Ca(e).G ¢} (e), G ¢ (e)/ Ca(e), ¢} ()/Hop)

where Ho, denotes the largest subgroup of G/Cg(e) ,invariant in cé (e) and p denotes the
map p: G/Cg(e) G/ cé (e) which is the map induced by inclusion of cosets, is a fibre
bundle.

Lemma 7.1 The following diagram is commutative:

Proof Since the partition of D} induced by 7 is the partition of D) into £ - classes,
the partition of E(D;") induced by Y/ is the partition of E(D}') into £ classes.

Theorem 7.2. Let e € E(M). Then the quintuple
(E(DS"), Ge, E(LY), cg (&)/Hg, 1Y (6)
is a fibre bundle. The group of the bundle acts on the fibre space as follows:

(VHo).f=0 Te (VHo).( @ Te) () (7)

The coordinate neighborhoods and coordinate functions for this bundle are obtained by
'transporting' the coordinate neighborhoods and functions of the bundle in Proposition 7.1
by means of the maps , @ e, @ 4re) and @ Te.

7.2 THE BUNDLE STRUCTURE OF D¥

e To derive the bundle structure of DY we note the following facts.
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Since G is an analytic group, G x G is also an analytic group
e Sz, is an analytic subgroup of G x G and the map @ 3.

e We require the following map

e Ay (GxG)x Gk— Gk, (u,v),W) — Wy,

e As we can show that this map defines an analytic left action of G x G on Gk . The
orbit of R(a) under this action is G} . The stabiliser Sqr(a) of R(a) under this
action is an analytic subgroup of G x G, and the map.

8. CONCLUSION

Mathematical semigroups are essentially arithmetical subsemigroups of Mn(K).
Mathematical sets convey a characteristic geography called the Zarisky geography. In
any case this geography is astoundingly weak in portraying ‘closeness' of focuses in the
sense wherein the term is generally grasped as may be obvious. Note that the Zarisky
geography isn't even Hausdorff.

Exactly when the gathering field K was mathematically shut field C ofcomplex numbers,
we have given out the Euclidean or standard geography to Mn(K). In this part we have
thought about the topological properties of logarithmic semigroups by allocating them
the subspace geography acquired from the Euclidean geography on Mn(K).
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